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Abstract. We present a K-theoretic approach to the Guillemin-Sternberg 
conjecture [ ^t| , about the commutativity of geometri c q uantization and sym- 
ple ctic reduction, which was proved by Meinrenken pjf , p9| and Tian-Zhang 
ba]. Besides providing a new proof of this conjecture for the full non-abelian 
group action case, our methods lead to a generalization for compact Lie group 
actions on manifolds that are not symplectic; these manifolds carry an invari- 
ant almost complex structure and an abstract moment map. 
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1. Introduction 

This article is devoted to the study of the 'quantization commutes with reduction' 
principle of Guillemin-Sternberg fl7|| . The object of this paper is twofold. The first 
goal is to give a K-theoretic approach to this problem which provides a new proof 
of results obtained by Meinrenken [^], Meinrenken- Sjamaar (3(| and Tian-Zhang 
35 1 . The second goal is to define an extension to the non- symplectic case. 

In the Kostant-Souriau framework one considers a prequantum line bundle L 
over a compact symplectic manifold (M, uj) : L carries a Hermitian connection V L 
with curvature form equal to — ioj. Suppose now that a compact Lie group G, with 
Lie algebra jj, acts on L — ► M, living the data (w, V L ) invariant. Then the G-action 
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on (M, lu) is Hamiltonian with moment map f G : M —* g* given by the Kostant 
formula : C L (X) — Vj£- M ~ 1 (/g'^)> X € 0. Here C L {X) is the infinitesimal action 
of X on the section of L — » M and Xm is the vector field on M generated by X G g. 

Choose now an invariant almost complex structure J on M that is compatible 
with u>, in the sense that w(— , J— ) defines a Riemannian metric. It defines a 
quantization map 

RR G "'(M,~) : K G (M) -► i?(G) , 
from the equivariant if-theory of complex vector bundles over M to the character 
ring of G. The 'quantization commutes with reduction' Theorem tells us how the 
multiplicities of RR ' (M,L) behave (see Theorem C). 

Here our main goal is to compute the multiplicity of the trivial representation 
in RR ' (M, L), when the data (L, J) are not associated to a symplectic form. 

We consider a compact manifold M on which a compact Lie group G acts, and 
which carries a G-invariant almost complex structure J. Let L — > M be a G- 
equivariant Hermitian line bundle over M, equipped with a Hermitian connection 
V L on L. This defines a map f L : M — > 9* by the equation 

(1-1) C L (X)-\7^ M=t (f L ,X), leg. 

(see [fio[ [section 7.1]). The map f L is an abstract moment map in the sense of 
Karshon f20fl , since f L is equivariant, and for any X E g, the function (f L ,X) is 
locally constant on the submanifold M x := {m e M, Xm(w) = 0}. 

If is a regular value of / L , Z := /~ 1 (0) is a smooth submanifold of M which 
carries a locally free action of G. We consider the orbifold reduced space M. r &d = 
Z/G and we denote 7r : Z — > A'ired the projection. In Lemma 6.9 we show that 
the almost complex structure J induces an orientation o re d on M rec i and a Spin c 
structure on (A4 r ed,o re d)- Let Q{M. r edi~ ) : K or {,(A4 re d) — * Z be the quantization 
map defined by the Spin structure and let L rec ; — * .M re d be the orbifold line bundle 
induced by L. 

We obtain the following 'quantization commutes with reduction' theorem. 

Theorem A Let L — > M &e a G-equivariant Hermitian line bundle over M , 
equipped with a Hermitian connection V L on L. Let f L : M — > 0* &e f/ie corre- 
sponding abstract moment map. If is a regular value of f L , we have 

= Q(Mred,Lf ed ), fceN-{0}, 



(1.2) 



RR G "'(M,L i 



if any of the following hold: 

(i) G = T is a torus; or 

(ii) k G N is large enough , so that the ball {£ € g*, |j £ ||< \ \\ 9 ||} is contained 
in the set of regular values of f L . Here 9 = X) Q >o a * s ^ e sum °f the positive roots 
of G, and \\ ■ \\ is a G-invariant Euclidean norm on g*. 

Here, for V £ R(G), we denote [V] G £ 7L the multiplicity of the trivial represen- 
tation. 

A similar result was proved by Jeffrey-Kirwan Jl9| in the Hamiltonian setting 
when one relaxes the condition of positivity of J with respect to the symplectic 
form. See also jL3) for a similar result in the Spin c setting, when G = S 1 . 

As an example, let us apply Theorem A to the counterexemple due to Vergne 
which shows that quantization does not always commute with reduction. Let 
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G = SU(2) and let M be the SZ7(2)-coadjoint orbit passing through the unique pos- 
itive root 9. Thus M is the projective line bundle CP 1 with uj equal to twice the stan- 
dard Kahler form. The prequantum line bundle is L = 0(2) and RR (M, L^ 1 ) = 
[RR G (M,L~ 1 )] G = -1. Since M red = we have [RR G (M, L" 1 )] ^ 
<2(.M re( 2, (i _1 )re(i) '■ the condition n) of Theorem A does not hold since 9 is not a 

regular value of the moment map M g*. But if we take (L -1 )® with fc > 1 the 

G fc 

condition m) is satisfied, and thus [RR (M, (L" 1 )®)] 6 = for fc > 1. In fact a di- 
rect computation shows that — RR° (M, (L -1 )®) is the character of the irreducible 
S'?7(2)-representation with highest weight (k — 1)6 for all fc > 1. 

The result of Theorem A can be rewritten when J defines an almost complex 
structure J re d on M re d- It happens when the following decomposition holds 

(1.3) TM\ Z = TZ 8 J{gz) with q z := {X z , X e fl} . 

First we note that fll.3| ) always holds i n th e Hamiltonian case when J is compatible 



with the symplectic form. Condition (1.3) already appears in the works of Jeffrey 



Kirwan [|19|, and Cannas da Silva-Karshon-Tolman |13fl . 

In all this paper we fix a G-invariant scalar product on g* which induces an 
identification g ~ g*. Thus f G can be considered as a map from M to g, and we 
define the endomorphism T> of the bundle g x Z by : T)(X) = —df G (J(Xz)), for 



leg. Condition (1.3) is then equivalent to : detV(z) ^= for all z € Z. The 
endomorphism T> defines a complex stucture J-p on Z x gc, so the vector bundle 
Z x gc inherits two irreducible complex spinor bundles Z x A*gc and Z x A* D gc 
related by 

A'^gc x Z = A'g c X Z ® n*L v 



where L-p — ► Mred is a line bundle (see ( |6.51 )). In this case we prove in Proposition 



S.12 that (1.2) has the following form 

G 



(1.4) 



RR G "'(M, L* 5 



where ± is the sign of detV, and where RR Jr ° d (Aired, — ) is the Riemann-Roch 
character defined by J re d- 

In this paper, we start from an abstract moment map f G : M — > g* , and we 
extend the result of Theorem A to the / G -moment bundles, and the / G -positive 
bundles. These notions were introduced in the Hamiltonian setting by Meinrenken- 



Sjamaar 1 30 and Tian-Zhang ]35|. Let us recall the definitions. 



Let H be a maximal torus of G with Lie algebra f). 

Definition 1.1. A G-equivariant line bundle over M is called a j ' G -moment bundle 
if for all components F of the fixed-point set M H the weight of the H -action on 
L\p is equal to f G (F). 

It is easy to sec that the definition is independent of the choice of the maximal 
torus. Note that f G (F) E fj* = {q*) h , since f G is equivariant. Any Hcrmitian line 
bundle L is tautologically a moment bundle relative to the abstract moment map 

For any (3 € g, we denote by Tg the torus of G generated by exp G (£./3), t G K, 
and M 13 the submanifold of points fixed by Tp. 
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Definition 1.2. A complex G -vector bundle E is called f G -positive if the following 
hold: for any m £ M@ n / c 7 1 (/?), we have 

>0 

for any weights £ of the Tp-action on E m . A complex G-vector bundle E is called 
f G -strictly positive when furthermore the last inequality is strict for any (3 ^= 0. 

For any f G -strictly positive complex vector bundle E, and any f3 £ g such that 
M 13 n /~ 1 (/3) 7^ 0, we define r\ E — in£g(^, (3), where £ runs over the set of weights 
for the Tp- action on the fibers of each complex vector bundle E\z> Z being a con- 
nected component of M@ that intersects f G x {(3)- 

It is not difficult to see that a f G -moment bundle L is f G -strictly po sitiv e with 
r) L f} =|| (3 || 2 , for any (3 £ g such that M@ H f^iP) ^ (see Lemma The 
bundle M x C — > M is the trivial example of / G -positive complex vector bundle 
over M. 



Let f)+ be the choice of some positive Weyl chamber in t). We prove in Lemma 
|6.3| that the set B ri := {(3 G 1)+, Af 3 n Z" 1 ^) ^ 0} is finite. 



G \.f - VT) ' J G 

Theorem B Lei / G : M —* g* be an abstract moment map with as regular 
value. Let E be a f G -strictly positive G-complex vector bundle over M (see Def. 
l.l). We have 

G 



(1.5) 



RR G J<A/T P ® N 



(M, E* 



Q{Mred,Ef ed ), fceN-{0}, 



if any of the following hold: 

(i) G = T is a torus; or 

(ii) k is large enough, so that k.r\ E . > X) Q >o( a ' P) > f or anv P ^ ^g ~ {0}; here 
the sum ^2 a>0 is taken over the positive roots of G. 



Moreover if (l.t ) holds, (1.5) becomes 

= ±RR r ' d (m 7 



RR G,J (M, E®) 



,E 



red 



Let us explain why Theorem B applied to a G-hermitian line bundle L with the 
abstract moment map f G = f L implies Theorem A. It is sufficient to prove that 
condition ii) of Theorem A implies condition ii) of Theorem B. The curvature of 
(L,V L ) is (V L ) 2 = —ilq l , where cu L is a differential 2-form on M. From the equi- 
variant Bianchi formula (see Proposition 7.4 in pp|) we get (df L , X) = —cj l (Xm, —) 
for any leg. So, for any f3 € B G — {0}, and m £ Af 3 n / i ^ 1 (/3), the last equality 
gives (df L \ m ,0) = 0, hence (3 is a critical value of f L . Suppose now that k 6 N 
is large enough so that the ball {£ G g*, || £ ||< j \\ ||} is included in the set of 
regular values of f L . This gives first || [3 ||> | || || and then rj L =\\ [3 || 2 > \{6,(3), 
for any (3 £ B G - {0}. □ 

In the last section of this paper, we restrict ourselves to the Hamiltonian case. 
In this situation, the abstract moment map f G and the almost complex structure 
J are related by means of a G-invariant symplectic 2-form lu : 

• f G is the moment map associated to a Hamiltonian action of G over (M, to) : 
d(f G ,X) = -u(X M , -) , for X £q, and 
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• the data (u>, J) are compatible : (v, w) — > u>(y, Jw) is a Riemannian metric on 
M. 

When is a regular value of f a , the compatible data (us, J) induce compatible 
data (uj r ed, Jred) on M re d- We have then a map RR Jrcd (M r ed,—)- If is not a 
regular value of f G , we consider elements a in the principal face r of the Weyl 



chamber (see subsection 7.4). For generic elements a g r n f G (M), the set M a := 
/"""■(G • a)/G is a symplectic orbifold and one can consider the quantization map 
RR Ja (M a , — ) relative to the choice of compatible almost complex structure J a . 
In this situation, we recover the results of j29[ |35j . 

Theorem C (Mcinrcnkcn, Mcinrcnkcn-Sjamaar, Tian-Zhang). Let f G be the 
moment map associated to a Hamiltonian action of G over (M,u>), and let J be a 
to -compatible almost complex structure. Let E — > M be a G-vector bundle. 
IfO ^ f G {M) and E is f G -strictly positive, we have [RR " (M,E)] G = 0. 
// € f a (M) then : 

i) If is a regular value, we have [RR°"' ' (M,E)] G = RR Jr ' d (M re d,Ered), if E 
is f G -positive. 

ii) If is not a regular value of f G and E = L is a f G -moment bundle, we have 
[RR "' (M,L)] G = RR Ja (M a ,L a ), for every generic value a of r n f G (M) 
sufficiently close to 0. Here L a is the orbifold line bundle L\f-x(Q. a }/G. 

We now turn to an introduction of our method. We associate to the abstract 
moment map f G : M — > Q the vector field 

^1 = [fa (m)]M-m, m <E M , 

and we denote by C^g the set where TL vanishes. There are two important cases. 
First, when the map f G is constant, equal to an element 7 in the center of g, the 
set C^g corresponds to the submanifold M 1 . Second, when f G is the moment map 
associated with a Hamiltonian action of G over M. In this situation, Witten |59| 
introduces the vector field TC to propose, in the context of equivariant cohomology, 
a localization on the set of critical points of the function || f G || 2 : here Ti is the 

_k II t II 2 V, Qr ,„ Q T-- G 

idea has been developed by the author in |3l| 



Hamiltonian vector field of -j- \\ f G |j 2 , hence Ti. m = d(\\ f G || 2 ) m = 0. This 



Using a deformation argument in the context of transversally elliptic operator 
introduced by Atiyah 0] and Vergne we prove in section || that the mapQ 
RR can be localized near C^g . More precisely, we have the finite decomposition 
C f a = U 0eBG C° with Gj = G{MP fl f-H/3)), and 

(1.6) RR° (M, E) = RRp(M,E) . 

peB G 

Each term RR^ (M, E) is a generalized character of G that only depends on the 
behaviour of the data M, E, J, f G near the subset Gj . In fact, RR^ (M, E) is the 
index of a transversally elliptic operator defined in an open neighbourhood of G^ . 



1 We fix one for once a G-invariant almost complex structure J and denote by RR the quan- 
tization map. 
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Case 1 
Case 2 
Case 3 



Our proof of Theorems B and C is in two steps. First we compute the term 
RR (M, E) which is the Riemann-Roch character localized near /~ 1 (0). After, we 
prove that [RRp (M, E)] G = for every 0^=0. For this purpose, the analysis of the 
localized Riemann-Roch characters RR^(M, —) : K G (M) — > R~°°(G) is divided in 
three casesf] : 

= 

(3 ^ and G p = G, 
Gp ^ G. 

We work out Case 1 in subsection [T^. We compute the generalized character 
RR {M, E) when is a regular value of f G . We prove in particular that the 
multiplicity of the trivial representation in RR (M, E) is Q(A4 r ed, E re d)- This last 
quantity is equal to ±RR Jr ' d (M re d, E rec i (gi Lx>) when ( |l.3| ) holds. 

Case 2 is studied in section ^|for the particular situation where f G is constant, 
equal to a G-invariant element j3 g 0. Then C^a = C g = M@, and ( |l.6[ ) becomes 

RR (AT, £?) = (M, £). We prove then a localization formula (see (|l.7[ )) in the 
spirit of the Atiyah-Segal-Singer formula in equivariant K-theory || |34[ . Let us 
sketch out the result. 

The normal bundle Af of M@ in M inherits a canonical complex structure Jj^ 
on the fibers. We denote by A/" — * the complex vector bundle with the opposite 
complex structure. The torus Yp is included in the center of G, so the bundle M and 

the virtual bundle AJA/" := A^ en J7 -°> A^TV" carry a G x 1>action: they can be 
considered as elements of Kg^t^M 13 ) = X" G (M^)®ii(T^). Let K G (M@) <§ -SQI^) 
be the vector space formed by the infinite formal sums ^ a E a h a taken over the set 
of weig hts of Y 0) where E a e K G (M^) for every a. The Riemann-Roch character 

G GxT /3 

can be extended to a map RR which satisfies the commutative diagram 
K G (MP) — R(G) 



GxT fj 

K G (MP) § R(Yp) — ^ ^ R(G) § R(Y P ) . 

The arrow k : R(G) — > i?(G) ® -R(T^) is the canonical map defined by k(<p)(g, h) := 
(/>(g/i). We shall notice that [fc( < />)] GxT < 3 = [</>] G . 

In Section 5, we define an inverse, denoted by [AjJv"]^ , of AJAT in K G (M^) § i?^) 

which is polarized by [3. It means that [AjAT] = X) a /i a with 7V a ^ only if 
(a, /3) > 0. We can state now our localization formula as the following equality in 
R(G)® R{Yp) : 

(1.7) RR° (M, E) = RR GxTfi [m^,E\ M , ® KAT]^ 1 ) , 

for every £ g Ifq(M). 

In subsection |6.3| we work out Case 2 for the general situation. The map 
RRp {M 13 , — ) is the Riemann-Roch character on the G- manifold M 13 , localized near 



2 G /3 is the stabilizer of fi in G. 
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M p n /~ x (/3), and we extend it to a map RR^ (M 13 , -) : K G {M ) § iZfT/j) 
R~°°(G) ® JZ(Tg). We prove then the following localization formula 



(1.8) RRp (M, E) = RR G p XTfi (m?, E\ M p <8 [A£Ar 



/3 



as an equality in R °°(G)®R(Tg). With (l.E) in hand, we see easily that 



[RRg(M, E)] G = if the vector bundle is / G -strictly positive. 



Subsection |6.4| is devoted to Case 3. The abstract moment map f G : M — > q 
for the G-action on M induces abstract moment maps f , : M — > g' for every 
closed subgroup G' of G. For every j3 G B G , we consider the Riemann-Roch 

characters RR g (M,—), RRg 11 (M, — ), and RR H g (M,—) localized respectively on 
G{M 13 n Z" 1 (/?)), Af 3 n /^(jS), and n J" 1 ^)- The major result of subsection 
|6.4| is the induction formulas proved in Theorem |6.1€ and Corollary 6.17, between 
these three characters. I will explain briefly this result. 

Let W be the Weyl group associated to (G, H). The choice of a Weyl chamber t} + 
in t) determines a complex structure on the real vector space g/(). Our induction 

G 

formulas make a crucial use of the holomorphic induction map Hol^ : R{H) — > 

R(G) (see ( gg§ in Appendix B). Recall that Uo\ H (h x ) is, for any weight A, either 
equal to zero or to the character of an irreducible representation of G (times ±1). In 
Theorem 6.16 we prove the following relation between RR g (M, — ) and RRg (M, — ) 

(1.9) RR° g (M, E) = |-^|Ho£ ( w.RR H 8 {M,E)^ 

,^Hol° (RB*{M,E) AjsT^ 



where Wp is the stabilizer of j3 in VF. In Corollary 6.17 we get the other relation: 
(1.10) RR°(M, E) = Hol^ (rR G 3 " (M, E) A* ^) . 

Let us compare (fL9|), with the Weyl integration formula^: for any S i?(G) 
we have <^> = Hol^ (</>|h) = Hol^ wnere </>|# is the restriction of 

(j> to H, and 0^ = J2\ ni(X) h x is the unique element in R(H) <S> Q such that 
J2wew w - ( I ) ^H = an d m(A) 7^ only if A € f) + . In (1.9), the VF-invariant 
element Yl w &w w -RRp (-^1 ^) plays the role of the restriction to H of the 
character = RR^(M, E), and p^iZiZ^ (M, E) plays the role of <j)^ H . 

Since /3 is a G^j-invariant element, ( |1.10[ ) reduces the analysis of Case 3 to the 
one of Case 2. From the result proved in Case 2, we have [RR/ [M^ , E)] g p — 
if the vector bundle E is / G -strictly positive. But this does not implies in general 

that [RR G g {M,E)] G = 0. We have to take the tensor product of E (so that E® 
becomes more and more f a -strictly positive) to see that [RR G ,(M 1 E®)] G = 0, 
When V eI is = k ' T]E ' p > ^«>°^ a ' ®' 



3 See Remark 



).2 
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In the Hamiltonian setting considered in Section 0, our strategy is the same, but 
at each step we obtain considerable refinements that are the principal ingredients 
of the proof of Theorem C . 

Case 1 : When is a regular value of f G , we show that the Spin structure on 
Mred is defined by J re d, hence Q(M re d,—) = RR Jrsd (M re d,—)- When is not a 
regular value of f a , we use the 'shifting trick' to compute the G- invariant part of 
RRq(M,E) (see subsection Q . 

Case 2 : For any G-invariant element (3 € B G with (3 ^ 0, we prove that the 
inverse [Aj77] ^ is of the form ^ a N a h a with N a ^ only if (a, (3) > (in general 
we have only (a,/?) > 0). 

Case 3 : For (3 £ B G with Gp ^ G, we consider the open face a of the Weyl 
chamber which contains /3, and the corresponding symplectic slice y a which is a Gp- 
symplectic submanifold of M. The localized Riemann-Roch characters RR^ (M, E) 
and RRp 13 (y a , — ) are related by the following induction formula 

RRp(M,E) = Rof Gfj (RR G ;{y a ,E\y a )) . 



Acknowledgments. I am grateful to Michele Vergne for her interest in this 
work, especially for the useful discussions and insightful suggestions on a prelimi- 
nary version of this paper. 



Notation 

Throughout the paper G will denote a compact, connected Lie group, and q 
its Lie algebra. We let H be a maximal torus in G, and f) be its Lie algebra. 
The integral lattice A C f) is defined as the kernel of exp : t) — > H, and the 
real weight lattice A* C f)* is defined by : A* := hom(A, 2nZ). Every A € A* 
defines a 1-dimensionnal H- representation, denoted C\, where h — expX acts by 
h x := e l ( x ' x ) _ We let W be the Weyl group of (G, H), and we fix the positive Weyl 
chambers f) + C | and f)^ C t)*. For any dominant weight A e A* + := A* n f)+, 
we denote by V\ the G-irreducible representation with highest weight A, and xf 
its character. We denote by R(G) (resp. R(H)) the ring of characters of finite- 
dimensional G-representations (resp. iJ-representations) . We denote by R~°°(G) 
(resp. R~°°(H)) the set of generalized characters of G (resp. H). An element 
X G R^ oc (G) is of the form x = X^AeA* m AXj i where A i— > ni\, A!j_ — > Z has at 
most polynomial growth. In the same way, an element x € R~°°(H) is of the form 
X = Saga* TOa where A i— > m\, A* — > Z has at most polynomial growth. 

Some additional notation will be introduced later : 

G 7 : stabilizer subgroup of 7 G g 

Tp : torus generated by (3 e g 

M 7 : submanifold of points fixed by 7 £ 2 

TM : tangent bundle of M 

TgJW : set of tangent vectors orthogonal to the G-orbits in M 
C~°°(G) G : set of generalized functions on G, invariant by conjugation 
Ind° : C-°°(G 7 ) G -' -> C-°°{G) G : induction map 

G 

Hol G : i?(G 7 ) — > i?(G) : holomorphic induction map 

RRp(M, -) : Riemann-Roch character localized on G.(M@ n f' 1 ^)) 
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Char(er) : characteristic set of the symbol a 

Thome (M, J) ■ Thorn symbol 

Thom G (M) : Thorn symbol localized near M 7 

Thom G/3 (M) : Thorn symbol localized near G.{NlP n /"H/?))- 

2. Quantization of compact manifolds 

Let M be a compact manifold provided with an action of a compact connected 
Lie group G. A G-invariant almost complex structure J on M defines a map 
RR " (M, — ) : Kq{M) — ► i?(G) from the equivariant if -theory of complex vector 
bundles over M to the character ring of G. 

Let us recall the definition of this map. The almost complex structure on M 
gives the decomposition AT*M <g> C = ® i>j A i,j T*M of the bundle of differential 
forms. Using Hcrmitian structure in the tangent bundle TM of M, and in the 
fibers of E, we define a twisted Dirac operator 

V+ : A°' even (M, E) -» A°' odd {M, E) 

where A hj (M, E) := T(M, A ij T*M ® c is the space of ^-valued forms of type 
The Riemann-Roch character RR " (M,E) is defined as the index of the 
elliptic operator T>~^: 

RR° ' (M, E) = [KerV+] - [CokerV+]. 

In fact, the virtual character RR° ' (M , E) is independent of the choice of the 
Hcrmitian metrics on the vector bundles TM and E. 

If M is a compact complex analytic manifold, and E is an holomorphic com- 
plex vector bundle, we have RR° ' [M, E) = Y^ imM {-iy[H q {M , 0{E))], where 
H q (M, 0{E)) is the g-th cohomology group of the sheaf 0(E) of the holomorphic 
sections of E over M. 

In this paper, we shall use an equivalent definition of the map RR " . We 
associate to an invariant almost complex structure J the symbol Thome (M, J) G 
Kg(TM) defined as follows. Consider a Riemannian structure q on M such that the 
endomorphism J is orthogonal relatively to q, and let h be the following Hcrmitian 
structure on TM : h(v,w) — q(v,w) — tq(Jv,w) for v,w £ TM. Let p : TM — > 
M be the canonical projection. The symbol Thom G (M, J) : p*(A^ e "TM) -» 
p'(A^TM) is equal, at (x,v) G TM, to the Clifford map 

(2.11) Cl x (v) : p*(A^ n TM)\ {XtV) ~^p*(A° c dd TM)\ ix . v) , 

where Cl x (v).w = v A w — Ch(v).w for w e AJT X M. Here ch(v) : A'T^M — > 
A* _1 T ;c M denotes the contraction map relatively to h : for w G T^M we have 
Ch{v).w = h(w, v). Here (TM, J) is considered as a complex vector bundle over M. 

The symbol Thome (M, J) determines the Bott-Thom isomorphism Thorn,/ : 
K G (M) — > K G {TM) by Thomj(£) := Thom G (M, J) (g> p*(E), E G K G (M). To 
make the notation clearer, Thorn j{E) is the symbol a E : p*(A™"TM <& E) —* 
p*(A^ dd TM<g> E) with 

(2.12) a E (a;,t;) := CZ x (u) <g> /rf^ , (r,o)eTM, 
where E x is the fiber of E at x G M. 
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Consider the index map Index^ : K G (T*M) -> R(G) where T*M is the cotan- 
gent bundle of M. Using a G-invariant auxiliary metric on TM, we can identify the 
vector bundle T*M and TM, and produce an 'index' map Index^ : Kq(TM) — > 
R(G). We verify easily that this map is independent of the choice of the metric on 
TM. 

Lemma 2.1. We have the following commutative diagram 
(2.13) K G (M) Th ° m ' 




RR°' J 



Proof : If we use the natural identification (A 0,1 T*Af, i) = (TM, J) of complex 
vector bundles over M, we see that the principal symbol of the operator T>\ is equal 
to a E (see @). 

We will conclude with the following Lemma. Let J° , J 1 be two G-invariant 

almost complex structures on M, and let RR° ' , RR° ' be the respective quan- 
tization maps. 

Lemma 2.2. The maps RR ' and RR ' are identical in the following cases: 

i) There exists a G-invariant section A € r(M, End(TAf)), homotopic to the iden- 
tity in r(M, End(TAf )) G such that A x is invertible, and A X .J® — J X .A X for every 
x e M. 

ii) There exists an homotopy J*, t £ [0, 1] of G-invariant almost complex structures 
between J a and J 1 . 

Proof of i) : Take a Riemannian structure q 1 on M such that J 1 E 0(q 1 ) 
and define another Riemannian structure q a by q (v, w) — q 1 (Av,Aw) so that 
J° G 0(q°). The section A defines a bundle unitary map A : (TM,J°,h°) — > 
(TM, J 1 , /i 1 ), -> (x,^.w), where h l {.,.) := q l (., .) - iq l (J 1 ., .), Z = 0,1. This 

gives an isomorphism : AjoT^M — > AjiT^M such that the following diagram 
is commutative 



AjoT^M- 



AjoT x M 



Clx(Ax.v) 

AjiT x M AjiT x M . 

Then A A induces an isomorphism between the symbols Thome (M, J°) and 
A* (Thom G (M, J 1 )) ■ (x, v) -> Thom G (M, J 1 )^, A x .v). Here A* : K G (TM) -> 
Kq(TM) is the map induced by the isomorphism A. Thus the complexes 
Thom G (M,J°) and A* (Thom G (M, J 1 )) define the same class in K G (TM). Since 
A is homotopic to the identity, we have A* = Identity. We have proved that 
Thom G (M, J°) = Thome (M, J 1 ) in K G (TM), and by Lemma |t| this shows that 

RR = RR 

Proof of ii) : We construct A as in i). Take first A 1 - := Id — J 1 J° and remark 
that A lfi .J° = J 1 . A 1 ' . Here we consider the homotopy A^' := Id - uJ l J°, u g 



LOCALIZATION OF THE RIEMANN-ROCH CHARACTER 



11 



[0,1]. If - J 1 ,/ is close to Id, for example \Id + J 1 J°\ < 1/2, the bundle map 
A]^° will be invertible for every u £ [0, 1]. Then we can conclude with Point i). In 
general we use the homotopy J*, t G [0, 1]. First, we decompose the interval [0, 1] 
in = to < tx < ■ ■ ■ < tfc-i < tk — I and we consider the maps A tl+utl :— Id — 
J* !+1 J tl , with the corresponding homotopy AJ +U 1 , u G [0, 1], for I = 0, . . . , k — 1. 
Because —J t '+ 1 J tl — > Id when t — > the bundle maps Au +1 1 are invertible for 
all it € [0, 1] if — t\ is small enough. Then we take the G-equivariant bundle 
map A := nf = r 1 A tl + l,t ' with the homotopy A u := il^A^ 1 '*' , u € [0, 1]. We have 
A. J° = J 1 . A and A u is invertible for every u £ [0, 1], hence we conclude with the 
point i). □ 



3. Transversally elliptic symbols 



We give here a brief review of the material we need in the next sections. The 
references are [0, 0, ||, || . 

Let M be a compact manifold provided with a G-action. Like in the previous 
section, we identify the tangent bundle TM and the cotangent bundle T*M via a 
G-invariant metric (., .) M on TM. For any X € g, we denote by the following 
vector field : for m 6 M, Xjvf(m) := exp(— tX).m|t = o. 

If E^^E 1 are G-equivariant vector bundles over M, a morphism 
a € r(TM, hom(p*i? ,p*i? 1 )) of G-equivariant complex vector bundles will be 
called a symbol. The subset of all (x,v) £ TM where a(x,v) : E^, —> E\ is not 
invertible will be called the characteristic set of a, and denoted Char(<r). 

We denote by T G M the following subset of TM : 

TqM = {(x, v) £ TM, (v, X M (m)) M = for all X £ } . 

A symbol a will be called elliptic if a is invertible outside a compact subset of TM 
(Char(cr) is compact), and it will be called transversally elliptic if the restriction 
of a to TgM is invertible outside a compact subset of TqM (Char(a) D T^M is 
compact). An elliptic symbol a defines an element of Kq(TM), and the index of a 
is a virtual finite dimensional representation of G || [|, ||, |(| . A transversally elliptic 
symbol a defines an element of Kq(TqM), and the index of a is defined (see [[l] 
for the analytic index and p|, |l^] for the cohomological one) and is a trace class 
virtual representation of G. Remark that any elliptic symbol of TM is transversally 
elliptic, hence we have a restriction map Kq(TM) — > Kq(TgM) which makes the 
following diagram 

(3.14) K G {TM) K G (T G M) 

Index^ IndexJ 
R{G) ^R-°°{G) . 

commutative. 

3.1. Index map on non-compact manifolds. Let U be a non-compact G- 
manifold. Lemma 3.6 and Theorem 3.7 of tell us that for any open G-embedding 
j : U M into a compact manifold we have a pushforward map j» : Kq(TqU) — > 
Kq{TgM) such that the composition 

Tndex G 

K G (T G U) ^ G (T G M) ^ m R-°°(G) 
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is independent of the choice of j : U M. 

Lemma 3.1. Let U be a G-invariant open subset of a G '-manifold X. If U is 
relatively compact, there exists an open G- embedding j : U c — » M into a compact 
G-manifold. 

Proof : Here we follow the proof given by Boutet de Monvel in ||. Let \ S 
C°°(X) G be a function with compact support, such that < x < 1 and x = 1 
on U. Let q : X x M — > R be the function defined by q(m,t) = x( m ) — t 2 - The 
interval (— oo, 1] is the image of q, and the fibers q~ 1 (e) are compact for every e > 0. 
According to Sard's Theorem there exists a regular value < £o < 1 °f <?■ The set 
q~ 1 (£o) is then a compact G-invariant submanifold of X x R, and j : U — > q^ 1 (eo), 
m h- > (to, \/l — io) is an open embedding. □ 

Corollary 3.2. TTie index map Indexg : if G (T G J7) -> R-°°(G) is defined when 
U is a G-invariant relatively compact open subset of a G-manifold. 

3.2. Excision lemma. Let j : U ^ M be the inclusion map of a G-invariant 
open subset on a compact manifold, and let : Kq{TqU) —> Kg(TqM) be 
the pushforward map. We have two index maps Index^, and Index^ such that 
Index^j o j„ = Index^. Suppose that a is a transversally elliptic symbol on TM 
with characteristic set contained in TM\u- Then, the restriction a\u of a to TU 
is a transversally elliptic symbol on TU, and 

(3.15) jMv) = a m Kq(TqM). 
In particular, it gives Index^(cr) = Index u (a\u)- 

3.3. Locally free action. Let G and if be compact Lie groups and let M be a 
compact G x H manifold 

In a first place, we suppose that G acts freely on M, and we denote by n : 
M — > M/G the principal fibration. Note that the map 7r is iJ-equivariant. In this 
situation we have T Gx £rM=7r*(T#- (M/G)), and thus an isomorphism 

(3.16) n* : K H (T H (M/G)) — » X Gx/f (T GxH M) . 

We rephrase now Theorem 3.1 of Atiyah in 111. Let {W a , a £ G} be a completed 
set of inequivalent irreducible representations of G. 

For each irreducible G-representation V^, we associate the complex vector bundle 
V_ := M x H on M/G and denote by its dual. The group H acts trivially 
on Vfj,, this makes J£* a ff- vector bundle. 

Theorem 3.3 (Atiyah). If a € Kh{Th(M/G)), then we have the following equal- 
ity in R-°°(G x ff) 

(3.17) Indcx« xH (7rV) = £ Index£ /G (<7 ® V^).^ . 

In particular the G-invariant part of Index^ xff (7r*cr) is Indexj^/ G (cr). 

A classical example is when M — G, G = G r acts by right multiplications 
on G, and G = Gi acts by left multiplications on G. Then the zero map ao : 
G x C — * G x {0} defines a G r x G/-transversally elliptic symbol associated to 
the zero differential operator C°°(G) — > 0. This symbol is equal to the pullback 
of C e K Gr (T Gr {pomt})=R(G r ). In this case Index G VxG ' (cto) is equal to L 2 (G), 
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the I/ 2 -index of the zero operator on C°°(G). The G r -vector bundle V_* — > {point} 



is just the vector space V* with the canonical action of G r . Finally, ( 3.17 ) is the 
Peter- Weyl decomposition of L 2 (G) in R~°°(G r xG,): 



We suppose now that G acts locally freely on M. The quotient X := M/G 
is an orbifold, a space with finite-quotient singularities. One considers on X the 
-ff-equivariant proper orbifold vector bundles and the corresponding R(H )-module 
Korb,n(X) plf . I n the same way we consider the i?-equivariant proper elliptic 
symbols on the orbifold TX and the corresponding i?(iJ)-module K or t, y H(TX). 
The principal fibration it : M — » X induces isomorphisms K rb,H{X) ~ Kcxh(M) 
and Kot^h^TX) ~ KaxHiT^nM) that we both denote by 7r*. The index map 

if 



(3.18) 



Index£ : Korb,n(TX) 



R(H) 



,,h(TX), Indexed) 



is defined by the following equation: for any a € 
[Index^ ff (^V)] G . 

We are particularly interested in the case where the bundle TqM — > M carries 
a G x iJ-equivariant almost complex structure J. Taking the quotient by G, it 
defines a 7i-equivariant almost complex structure Jx on the orbifold tangent bundle 
TX — > A". Like in the smooth case, we have the Thorn symbol Thorny (X, Jx) G 
Korb,H(TX) and a Riemmann-Roch character RR : K or \,ji{X) — > R(H) related 



as in Lemma 2.1 



3.4. Induction. Let i : H c — > G be a closed subgroup with Lie algebra fj, and J- 7 be 



a -ff- manifold (as in Corollary 3.2). We have two principal bundles 7Ti : G x y —* y 
for the G-action, and 7T2 :GxJ^A':=Gxj3' for the diagonal iJ-action. The 
map i* : Kjj(Tuy) — > ^(TgA') is well defined by the following commutative 
diagram 



(3.19) K H (T H y) 1 — ^K GxH {T GxH {Gxy)) 

K g (TgX) , 

since 7r* and ir^ are isomorphisms. 

Let us show how to compute i*(cr), for an ii-transversally elliptic symbol a G 
r(TY, hom(i? , -E 1 )), where E^.E 1 are £f-equivariant vector bundles over TJ^. 
First we noticefl that T(Gx H y)=Gx H (g/t)®Ty), and T G (Gx H j;)^Gx H (T ff J). 
So we extend trivially a to © TJ^, and we define G T(G x ff (g/f) © 

T^),hom(G x ff ^Gx^E 1 )) by i*(a)([<7; £, z, u]) := trfov) for g G G, £ G fl/f) 
and (x, u) G T^. 

To express the G-index of i*(cr) in terms of the iJ-index of a, we need the 
induction map 

(3.20) Ind^ : C-°°{H) H — > C-°°(G) G , 

where C~°°(H) is the set of generalized functions on H, and the H and G invariants 

G 

are taken with the conjugation action. The map Ind^ is defined as follows : for 

4 These identities come from the following G X .ff-equivariant isomorphism of vector bundles 
over G X y-. T H (G X y) - G X (g/hffiT^), (g,m; A |t=0 (g.e tx ) + „ ra ) (g, m;pr B /„ (X) + « m ). 

Here pf B /[) : g — > g/F) is the orthogonal projection. 
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<j> 6 C-°°(H) H , we have / G Ind H {4>){g)f{g)dg 
f € C°°(G) G , where est = vol(G, dg)/vo\{H, dh). 
We can now recall Theorem 4.1 of Atiyah in 



est J H <f>(h) f\u{h)dh, for every 



1 



Theorem 3.4. Let i : H — > G be the inclusion of a closed subgroup, let y be a 
H -manifold satisfying the hypothesis of Corollary 3A, and set X = G x h y ■ Then 
we have the commutative diagram 



K H (T H y) 



Index" 



C-°°(H) H 



Ind 



K G {T G X) 
Indexjj 
(G) G . 



■C 



3.5. Reduction. Let us recall a multiplicative property of the index for the prod- 
uct of manifold. Let a compact Lie group G acts on two manifolds X and y, and 
assume that another compact Lie group H acts on y commuting with the action 
of G. The external product of complexes on TX and Ty induces a multiplication 
(see § and p§, section 2): 



(3.21) K G (TX) x K GxH {Ty) — K GxH (T(X x y)) 

(01,02) 1 ► Oi cr 2 . 

Let us recall the definition of this external product. Let i? ± ,F ± be G x H- 
equivariant Hermitian vector bundles over X and y respectively, and let o~\ : E + — > 
o'2 : F + — > F~ be G x 77-equivariant symbols. We consider the G x iJ- 
equivariant symbol 

a l Q a 2 : E + ® F+ ® E- ® F- — > E~ ® F+ ® E+ (g> F - 

defined by 



(3 - 22) ffi0a2 i j®a 2 (7?®/ J • 

We see that the set Char(tri © a 2 ) C TX x Ty is equal to Char(oi) x Char(o- 2 ). 
This exterior product defines the i?(G)-module structure on K G (TX), by taking 
y = point and H = {e}. If we take X = y and H — {e}, the product on K G (TX) 
is defined by 

(3.23) o-iOcra :=s* (o-i ©o- 2 ) , 

where s x : TX — > TA 7 x TA is the diagonal map. 

In the transversally elliptic case we need to be careful in the definition of the 
exterior product, since T GxH (X x T G X x T H y- 

Definition 3.5. Let a be a H -transversally elliptic symbol on Ty . This symbol 
is called -ff-transversally-good if the characteristic set of a intersects T^y in a 
compact subset of y . 

Recall Lemma 3.4 and Theorem 3.5 of Atiyah in [[!]. Let <7\ be a G-transversally 
elliptic symbol on TX, and ct 2 be a 7J-transversally elliptic symbol on Ty that is G- 
equivariant. Suppose furthermore that ct 2 is H- transversally- good, then the product 
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ci o"2 is G x ff-transversally elliptic. Since every class of KcxH^Hy) can be 
represented by an H-transversally-good elliptic symbol, we have a multiplication 

(3.24) A G (T G A) x K GxH (T H y) — » XGxfl(TGxfl(^ x y)) 

(o-i,<7 2 ) i ► CTl cr 2 ■ 



Suppose now that the manifolds A and y satisfy the condition of Corollary ^2 
So, the index maps Indexjf, Indexy Xff , and Index^*^ are well defined. According 
to Theorem 3.5 of Q, we know that 

(3.25) Index£*y(ai 0ct 2 ) = Indexed) -lndex^ xH (<7 2 ) in R~°°(GxH), 
for any <n G A G (T G A) and <t 2 G A Gxff (T H (A x if)). 

In £/ie rest of this subsection we suppose that the subgroup if C G is the stabilizer 
of an element 7 G 0. The manifold G/H carries a G-invariant complex structure J 7 
defined by the element 7: at e G G/H , the map J 7 (e) equals ad(j).(^/ — ad(7) 2 ) -1 
onT a {G/H)=a/i). 

We recall now the definition of the map : AT G (T G A) — > Kh(ThX) intro- 
duced by Atiyah in Q. We consider the manifold AfxG with two actions of G x if: 

for (<7, /i) G G x H and (a;, a) G A" x G, we have (g,h).(x,a) := (g.x, gah^ 1 ) on 

1 2 
A x G, and we have (g,h).(x,a) := (h.x,gah ) on A" x G. 
2 1 

The map : A x G — * X x G, (x, a) > (a.x, a) is G x ff-equivariant, and 
induces 9* : K GxH (T GxH {X x G)) -» A GxH (T Gxff (A x G)). The G-action is 

2 2 

free on A x G, so the quotient map n : X x G — ► A induces an isomorphism 

7T* : A H (T ff A) -» A G xh(T?gxh(X x G)). We denote by ^ /f) G A GxH (T H G) 
the pullback of the Thorn class Thom G (G/ff, J T ) G A G (T(G/iJ)), via the quotient 
map G -> G/ff. 

Consider the manifold y = G with the action of G x if defined by (g,h).a = 
gah' 1 for a G G, and (<?, /i) G G x if. Since the symbol is if-transversally 
good on TG, the product by cr^ induces, by ( 3.24 ), the map 



A G (T G A) — > A Gxff (r GxH (A x G)) 

Definition 3.6 (Atiyah). Let if the stabilizer 0/7 G g m G. 27ie map „ : 
AT G (T G A) -> K H (T H X) is defined for every a G A G (T G A) by 

rl Ja) := (tt*)- 1 ° 6> ^ /f) ) . 
Theorem 4.2 in fjj tells us that the following diagram is commutative 

(3.26) A G (T G A) — > K H (T H X) 



Index' 



G 

Ind 



Index" 



C-°°(G) G * C-°°(ff) ff . 



16 



PAUL-EMILE PARADAN 



We show now a more explicit description of the map . Consider the moment 
map 

Mg : T* X - * 

for the (canonical) Hamiltonian action of G on the symplectic manifold T* X. If we 
identify TX with T*A" via a G-invariant metric, and g with g* via a G-invariant 
scalar product, the 'moment map' is a map [i G : TX — > g defined as follows. If 
E 1 ,--- ,E l is an orthonormal basis of g, we have [i a (x,v) — ^2i(E\ I (x),v) M E t 
for (x, u) G TAf. The moment map admits the decomposition /i G = ^ H + fJ- G/H , 
relative to the if-invariant orthogonal decomposition of the Lie algebra g = t) t)- 1 . 
It is important to note that T G X = /^(O), T H X = ^(O), and T G X = T H X n 

^ (0) - . ^ ^ 

The real vector space g/f) is endowed with the complex structure defined by 7. 

Consider over TX the iJ-equivariant symbol 

o£ H : TAf x A^ en g/f) — ► TAf x A^g/f) 

(x, ?;;«;) — > (x,v;w) , 

with w' = Cl(n a/H (x,v)).w. Here h 1 - ~ g/f), and CZ(X) : A c g/f) -> A c g/f), 
X € g/f), denotes the Clifford action. This symbol has (i~j H (0) for characteristic set. 
For any symbol ct over TX, with characteristic set Char(cr), the product a(b<j x 



defined at (|||), is a symbol over with characteristic set Char(cr a* ) 



G,H ' 



Char(cr) n ^ G j H (0)- Then, if ct is a G-transversally elliptic symbol over TX, the 
product ct © a G is a iJ-transversally elliptic symbol. 

Proposition 3.7. The map H : Kc{TqX) — > Kh(ThX) has the following 
equivalent definition: for every a S Xg^TcjA') 

^, H (0 = ^©<„ m K H (T H X). 

Proof : We have to show that for every ct e ifc^TfjA'), aQa* h = 
(tt*)- 1 o e*(CT0cr^ /() ) in K H {T H X). Let p G : TG — > G and : TAT -> A" be the 
canonical projections. The symbol crL^ : p* (G x Ag^g/f)) — * p* (G x A^g/h) 
is defined by cr^^a, Z) = Cl(Z B ^) for (a, Z) £ TG ~ G x g, where Z /f, is the 
g/f)-component of Z S g. 

Consider ct : p*^i?o — > p x E\, a G-transversally elliptic symbol on TX, where 
Eq,Ei are G-complex vector bundles over X. The product ct ct^ acts on the 
bundles p* x E. p£(G x Ajg/h) at (x, v; a, Z) e T(X x G) by 

ct(x,w) Cl(Z s/t) ). 

The pullback ct := <d*(a ct b /(,) acts on the bundle G x (p x E, A'g/h) (here we 
identify T(X x G) with G x (g TX)). At (x, u; a, Z) <E T(X x G) we have 

a Q (x, v;a,Z) — a ct^ (a.x, 1/; a, Z'), with 

(«', Z') = ([T ( ^ Q) e]*) _1 (v, Z). Here T (x , a) e : T (b , o) (* x G) -> T (o . x , o) (* x G) is 
the tangent map of 9 at (x, a), and [T( XiQ )6]* : T(„. Iia j(^xG) — > T( Xi<I )(A? x G) its 
transpose. A small computation shows that Z' = Z + fx a (v) and v' = a.i>. Finally, 
we get 

<t (x, w; a, Z) = a(a.x, a.u) Cl(Z B / i) + (j, a/H (v)). 



LOCALIZATION OF THE RIEMANN-ROCH CHARACTER 



17 



Hence, the symbol (77*) 1 (cr ) acts on the bundle p* x E, ® Ajg/f) by 

(t*) _1 (o-o)(!C,«) =cr{x,v)@Cl(n a/H {v)). 

□ 

For any G-invariant function <fr £ C°°(G) G , the Weyl integration formula can be 
written^ 

(3.27) = Ind^ (4> ]H g/rj) in C-°°(G) G . 

where ^ G C°°{H) H is the restriction to H = G 7 . Equality (|3.27D remains true 
for any € C~°°(G) G that admits a restriction to H . 

Lemma 3.8. Let a be a G-transversally elliptic symbol. Suppose furthermore that 
a is H -transversally elliptic. This symbol defines two classes a £ Kq(TqX) and 
<j\h £ Kff(TffX) with the relation^ H {o~) = cr\H ® Ajg/f). Hence for the gener- 
alized character Index^(cr) £ R~°°(G) we have a 'Weyl integration' formula 

(3.28) Indexg(cr) = Ind° (lndex^(a| H ) A* g/f) 



Proof : If cr is _ff-transversally elliptic, the symbol [x, v) — > ct(x, u) Cl(p G/H (v)) 
is homotopic to (x, u) — > cr(x,w) © GZ(0) in Kh(ThX). Hence <T|jj a* = 
a\ H ® Ajg/f) in K H {T H X). ( |3.28| ) follows from the diagram dJfj). n 

Corollary 3.9. Le£ a be a G-transversally elliptic symbol which furthermore is H- 
transversally elliptic, and let <j> £ C~°°(G) G which admits a restriction to H. We 
have 

(f> = Indcx^(er) -^=> 4>\h = Index^ (<7|#) . 

In fact, if we come back to the definition of the analytic index given by Atiyah 
|IJ, one can show the following stronger result. If cr be a G-transversally elliptic 
symbol which is also ff-transversally elliptic, then Index^(cr) £ C~°°(G) G admits 
a restriction to H equal to Index^er^ ) £ C~°°(H) H . 



4. Localization - The general procedure 



We recall briefly the notations. Let (M, J, G) be a compact G-manifold provided 
with a G-invariant almost complex structure. We denote by RR ' : Ka(M) — > 
R(G) (or simply RR ), the corresponding quantization map. We choose a G- 
invariant Riemannian metric (.,.) M on M. We define in this section a general 
procedure to localize the quantization map through the use of a G-equivariant 
vector field A. This idea of localization goes back, when G is a circle group, to 
Atiyah Q (see Lecture 6) and Vergne |38| (see part II). 

We denote by $ A : M — > g* the map defined by ($\(m),X) := {X m ,X M \ m ) u 
for leg. We denote by a E (m,v), (m,v) £ TM the elliptic symbol associated to 
Thom G (M) ®p*(E) for E £ K G (M) (see section §). 

Let erf be the following G-invariant elliptic symbol 

(4.29) of (m,v) := a E (m,v - A m ), (m, v) £ TM. 

5 See Remark h2 

6 Here we note a\ H ® A* g/f) for the difference <j\ H ® A™ en g/f) — a\ H ® Ag dd g/f). 
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The symbol erf is obviously nomotopic to er E , so they define the same class in 
K G (TM). The characteristic set Char(er E ) is M C TM, but we see easily that 
Char(crf ) is equal to the graph of the vector field A, and 

CharOf ) n T G M = {(m, A m ) e TM, to e {$ A = 0}} . 

We will now decompose the elliptic symbol erf in K G (T G M) near 

Cx := {$ A = 0} . 

If a G-invariant subset G is a union of connected components of C\ there exists 
a G-invariant open neighbourhood U c C M of G such that Zi c n C\ — C and 
<9W C n C x = 0- We associate to the subset G the symbol erf := erf | W c e K G (T G U C ) 
which is the restriction of erf to TU C . It is well defined since Char(crf \uc)r}T G lA c = 
{(to, A m ) € TM, to G G} is compact. 



Proposition 4.1. Let C a , a£ A, &e a finite collection of disjoint G-invariant sub- 
sets of Cx, each of them being a union of connected components of Cx, and let 
o~§ a € K G (T G U a ) be the localized symbols. If Cx — U a G a , we have 

t b = ^»K») in K G (T G M), 

where i a : U a ^ M is the inclusion and : K G (T G U a ) -> if G (T G M) is the 
corresponding direct image. 



Proof : This is a consequence of the property of excision (see subsection 3.2). 
We consider disjoint neighbourhoods U a of C a , and take i :U — U a U a M. Let 
Xa S C°°(A^) G be a test function (i.e. < \a < 1) with compact support on U a 
such that Xa{fn) ^ if to £ C a . Then the function x := So Xa is a G-invariant 
test function with support in such that x never vanishes on Cx ■ 

Using the G-equivariant symbol erf (to, v) := er E (m, x( m ) v ~~ A m ), (to, u) G TM, 
we prove the following : 

i) the symbol erf is G-transversally elliptic and Char(crf ) C TM|^, 

ii) the symbols erf and erf are equal in K G (T G M), and 

iii) the restrictions erf \u and erf \u are equal in K G (T G U). 

With Point i) we can apply the excision property to erf, hence erf = i*(o~S \u)- 
By ii) and iii), the last equality gives erf = i*(crf \u) — Yla *S( CT c» )■ 

Proof of i). The point (to, v) belongs to Char(crf ) if and only if x(to)w = A m (*). 
If to is not included in U, we have x( m ) = an d the equality (*) becomes A m = 0. 
But {A = 0} C C x C thus Char(crf ) C TM\ U . The point (m,v) belongs to 
Char(crf ) (~l T G M if and only if x{ m ) v = A m and v is orthogonal to the G-orbit 
in to. This imposes m € Cx, and finally we see that Char(crf ) n T G M ~ Ga is 
compact because the function x never vanishes on Ga- 

Proof of ii). We consider the symbols erf , £ € [0, 1] defined by 

erf (to, u) = er B (TO, (t+ (1 - i)x(m))« - A m ). 

We see as above that erf is an homotopy of G-transversally elliptic symbols on TM. 
Proof of iii). Here we use the homotopy erf \u, £ € [0, 1]. 
□ 
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Because RR (M, E) = Index^(er B ) e R(G), we obtain from Proposition 4.1 the 
following decomposition 

(4.30) RR° (M, E) = ^Indexg a ((7ga) in R-°°{G). 

aSA 

The rest of this article is devoted to the description, in some particular cases, of 
the Riemann-Roch character localized near C a : 

(4.31) RR° C a{M, —) : K G (M) — ► R-°°(G) 

E .— > lnde^ a {ag a ). 



5. Localization on M@ 

Let (M, J, G) be a compact G-manifold provided with a G-invariant almost com- 
plex structure. Let (3 be an element in the center of the Lie algebra of G, and 
consider the G-invariant vector field A := [3 m generated by the infinitesimal action 
of p. In this case we have obviously 

= 0} = {Pm - 0} = . 

In this section, we compute the localization of the quantization map on the subman- 
ifold M@ following the technique explained in section [|. We first need to understand 
the case of a vector space. 



The principal results of this section, i.e. Proposition 5.4 and Theorem 5.S were 



obtained by Vergne |38|[Part II], in the Spin case for an action of the circle group. 

5.1. Action on a vector space. Let (V,q,J) be a real vector space equipped 
with a complex structure J and an euclidean metric q such that J £ 0(q). Suppose 
that a compact Lie group G acts on (V, q, J) in a unitary way, and that there exists 
(3 in the center of 9 such that 

V = {0}. 

We denote by the torus generated by exp(t./3), t G R, and tg its Lie algebra. 

The complex Thome (V, J) does not define an element in Kq(TV) because its 
characteristic set is V. 

Definition 5.1. Let Thomg(V) € Kg(TgV) be the G-transversalliJ^ elliptic com- 
plex defined by 

Thom§(7)(a;, v) := Thom G (V)(iz;, v - v (x)) for (x, v) G TV. 



Before computing the index of Thom G (V) explicitely, we compare it with the 
pushforward j\(C) £ Kg(TV) where j : {0} <— » V is the inclusion and C — > {0} is 
the trivial line bundle. Recall that Indexy(ji(C)) = 1. 

We denote by V the real vector space V endowed with the complex structure 
— J, and AjF := A^ en V - A^ dd V the corresponding element in R(G). 

Lemma 5.2. We have A l~V . Thom G ( V) = ji(C) in K G (T G V), hence 
AjF.Index^(Thom§(\/)) = 1 in iT°°(G). 

7 One can verify that Char(Thom^(V)) n T G V = {(0, 0)}. 
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Proof : The class j\(C) is represented by the symbol a a : TV x l\^ en (V 
C) -> TF x A£ d<i (F C), (x, v, w) i-> (x, i>, GZ(x + iv).u>). If we use the following 
isomorphism of complex G- vector spaces 

v®c — > v®v 

x + iv i — > (v — J(x), v + J(x)) , 

we can write er = <j_ <r+, where the symbols^] er± act on TV x Aj.V± through 
the Clifford maps a±(x,v) = C/(w =p J(x)). Finally we see that the following G- 
transversally elliptic symbols on TV are homotopic 

Cl(v + J(x)) Cl(v-J{x)) 

Cl(v + J(x)) Cl{v-f3 v (x)) 

Cl(Q) Cl{v - I3 v {x)) . 

The Lemma is proved since (x,v) — > GZ(0) C7(v — /3y(a;)) represents the class 
AjF.Thom G (F) in # G (T G V). □ 

We compute now the index of Thom G (F). For a € t* , we define the G-invariant 
subspacefl V(a) := {v e V, p(expX)(v) = e l < Q ' X > VX G t^}, and (V®C)(a) := 
{vG^0C, p(expX)(u) = e 4 < Q - x >v, VX G t^}. 

An element a G t^, is called a weight for the action of Tp on (V, J) (resp. on 
V C) if V(a) ^ (resp. (V C)(a) ^ 0). We denote by A(T>,F) (resp. 
A(T ) 3, V"0 C)) the set of weights for the action of on V (resp. V ® C). We shall 
note that A(TT>, V®C) = A(T (3 , V") U -A(1>, V). 

Definition 5.3. We denote by V + ^ 3 the following G-stable subspace of V 

V+* := £ 7(a) , 

aGA + (T 3 ,V) 

where A+(Tp,V) = {a G A(T ) 3,V r ), (a, /?) > 0}. In i/ie same way, we de- 
note by (V C)+-' 3 t/ie following G-stable subspace of V C: (V C) + ' /3 := 
E qG a +( t,^c)(^® C )(«)- ™^re A + (T /3 ,y0C) = {aG A(T /3 ,y0C), (a,j9) > 
0}. 

For any representation W of G, we denote by det W the representation A™ a3: W. 
In the same way, if W — > M is a G complex vector bundle we denote by det W the 
corresponding line bundle. 

Proposition 5.4. We have the following equality in i? _ °°(G) : 

Index^(Thom G (F)) = (-l) dimcV+ '^ det V +Jj ^ S fc ((F C)+'' 3 ) , 

fceN 

where S k ((V C) +,/5 ) is f/ie fc-f/i symmetric product over C o/ (V C) + '' 3 . 



Proposition 5.4 and Lemma |5.2| give the two important properties of the gener- 
alized function \ '■= Index G (Thoia G (V')). First x is an inverse, in R~°°(G), of the 
function g G G — > dety(l — which is the trace of the (virtual) representation 
Ajy. Second, the decomposition of x into irreducible characters of G is of the form 
X = m AX^ with m A ^ (A, /3) > 0. 

8 V+ = V and V_ = F. 

9 We denote by z ■ v := + y.J(v), z = x + ty £ C, the action of C on the complex vector 
space (V, J), and zw = v <g> z.z', «j = -i;(g>z'GV / C><DC the canonical action of C on V ig) C. 
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Definition 5.5. For any R(G)-module A, we denote by A®R(Tp), the R(G) ® 
R(Tp)-module formed by the infinite formal sums ^2 a E a h a taken over the set of 
weights ofTp, where E a S A for every a. 



We denote by [AJU]^ 1 the infinite sum (-l) r det V+'^EfceN 5* fe ((^® C)+^), 
with r — dime V'"**'^. It can be considered either as an element of R~~°°(G), 
R(G)®R(Tp), or R-°°(Tp). 

Let V — > X be a G -complex vector bundle such that V@ = X. The torus Tp 
acts on the fibers of V — * X, so we can polarize the Tp -weights and define the 
vector bundles V + '@ and (V <£> C) + '^. In this case, the infinite sum [A'V]^ 1 := 
(_ 1 )dim c v+'< J detV + -' 3 <g> £ fcEN S*((V ® C ) + ^) * s an »'n«erse of AJV in 

The rest of this subsection is devoted to the proof of Proposition ^J. The case 
V + 'P — V or V +, P — {0} is considered by Atiyah |j| (see Lecture 6) and Vergne 
38 1 (see Lemma 6, Part II). 

Let H be a maximal torus of G containing Tp. The symbol Thomg(F) is also H- 
transversally elliptic and let Thom^-(T^) be the corresponding class in Kh(ThV)- 
Following Corollary 3.9, we can reduce the proof of Proposition 5.4 to the case 
where the group G is equal to the torus H. 



Proof of Th. 5.4 for a torus action. 

We first recall the index theorem proved by Atiyah in Lecture 6 of [[[] . Let T m 
the circle group act on C with the representation t m , m > 0. We have two classes 
Thomijjr (C) € ^T m (Tx m (C)) that correspond respectively to f} — ±i e Lie(S 1 ). 

Atiyah denotes these elements 9 ± . 

Lemma 5.6 (Atiyah). We have, for m > 0, the following equalities in R~°°(T m ): 



Index*™ (Thorny (C) ) = 
Index c m (Thorny 



l-t- 



ken 



(t m y 



ken 
1+ and r_ 



i-t- 



l-t-m J 

around t 



are the Laurent 
= and t — oo 



Here we follow the notation of Atiyah: [— 
expansions of the meromorphic function t € ( 
respectively. 

From this Lemma we can compute the index of Thomijjr (C) when m < 0. Sup- 
pose m < and consider the morphism k : T TO — > Ti m i, t — ► t . Using the induced 
morphism k* : Kf ]m] (Tf lml (C)) — ► Kx m (Tx m (C)), we see that K*(ThomjJr" (C)) = 

Thom^ (C). This gives Index*™ (Thom+JC)) = K*(£ feeN (*~ |m| ) fc ) = E fceN (*" m ) fe 

and Index*™ (Thom^(C)) = K*H W -£ fc6 N(* W )*) = -* m E feeN (« m ) fc - 
We can summarize these different cases as follows. 

Lemma 5.7. Let T a the circle group act on C with the representation t —* t a for 
a € Z \ {0}. Lei /3 G Lie(To,) ~ K. a non-zero element. We have the following 
equalities in R~°°(T a ): 



Index, 



I- (Thom^(C)) (t) 





1 


)(*) = 


1 - It- 1 



u—t° 
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where e is the sign of (a, (3) . 

We decompose now the vector space V into an orthogonal sum V = 0ie/C Qi , 
where C Qi is a ii-stable subspace of dimension 1 over C equipped with the represen- 
tation t £ H — > t a ' £ C Here the set I parametrizes the weights for the action of H 
on V, counted with their multiplicities. Consider the circle group Tj with the trivial 
action on ©/c^iC Qfc and with the canonical action on C Qi . We consider V equipped 
with the action of H x IlfeTfe. The symbol Thom^(F) is H x n^Tfe-equivariant 
and is either £f-transversally elliptic, H x IlfcUVtransversally elliptic (we denote by 
ctb the corresponding class), or HfcUVtransversally elliptic (we denote by a a the 
corresponding class). We have the following canonical morphisms : 

(5.32) K H (T H V)^- K HxnkTk (T H V) — K HxUA (T HxIlkTk V) 
Thon%(V) < — <j Bl — > a B , 



K H xn k T k {THxu k T k V) <- K Hx n k T k (Tii k T k V) -> K Uk T k (T Uk T k V) 

0~B *— 0~B 2 — ► CTA ■ 

We consider the following characters: 

- 4>{t) £ R-°°(H) the ff-index of Thom^(y), 

- 4>B(t,ti, ■ ■ ■ ,ti) £ i?~°°(_ff x IifcTfc) the H x IlfeTfc-index of o~b (the same for ub x 
and o~b 2 )- 

- (f> A (h, ■ ■■ ,t{) £ R~°°(UkT k ) the n fe T fe -index of a A . 

They satisfy the relations 

i) (f>(t) = (f>B(t, 1, ■ ■ • ,1) and B (l,ti,- • • ,tj) = A • ■ • ,*/)■ 

ii) (j)B{tu,tiu~ ai , • • • ,tiu~ ai ) — <p B (t,ti, ■ ■ ■ ,ti), for all u e if. 

Point i) is a consequence of the morphisms ( |5.32| ) . Point ii) follows from the fact 
that the elements (u, u~ ai , • • • , u~ a ' ), u £ H act trivially on V". 
The symbol cr^i can be expressed through the map 

K Tl (T Tl C Q1 ) x K T2 (T T2 C Q2 ) x • • • x K r , (T T; C ai ) — -> Xn fcTfc (Tn fcTfc V) 

(<Ji,a 2 , ■■■ ,ai) i — ► C7i o- 2 • • • 07 . 

Here we have a a = ©/._ iThom^.* (C Qh ) in Kjj k x k (Tn k r k V), where Ek is the sign 
of («fc , (3) . Finally, we get 

(f>(u) = 4>b{u,1,--- ,l) = <j> B {l,u a \--- ,u ai ) 

To finish the proof, it suffices to note that the following identification of H- vector 
spaces holds : V + 'P ~ © £fc >oC Qfc and (V C)+^ ~ © fe C £fcQfc . □ 

5.2. Localization of the quantization map on M@. Let (3 ^ be a G-invariant 
element of cj. The localization formula that we prove for the Riemann-Roch char- 
acter RR G (M, -) will hold in[] R(G) := hom z (i?(G), Z). 

Let AA be the normal bundle of M 13 in M, For m € Af 3 , we have the decom- 
position T m Al = T m M^ ® N\ m . The linear action of (3 on T m M precises this 
decomposition. The map C M ((3) : T m M — > TmM commutes with the map J and 

°An element of R{G) is simply a formal sum "IaX^ with £ Z for all A. 
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satisfies T m Af^ = ker(£ M (/3)). Here we take N\ m := Image(£ M (/?)). Then the 
almost complex structure J induces a G-invariant almost complex structure Jp on 
Af' 3 , and a complex structure Jtf on the fibers of Af — ► . We have then a quan- 
tization map RR°(M ,-) : K G {M fi ) -> f?(G). The torus !> acts linearly on the 
fibers of the complex vector bundle A/". Thus we associate the polarized complex 



G-vector bundles Af + ^ and (TV <g> C) +i/3 (see Definition p75|) 



Theorem 5.8. For every E G Kq{M), we have the following equality in 
R(G) : 

RR° (Af , E) = (-l) r -"J2 RRG ( M,3 > E \Me®detN + ' ®S k ((Af®C) + 'P) , 
fceN 

where rj^ is the locally constant function on M@ equal to the complex rank of Af + ^ . 

Before proving this result let us rewrite this localization formula in a more syn- 
thetic way. The G x T^-Riemann-Roch character RR ^(M 13 ,—) is extended 



canonically to a map from Kc(M^) ® R(Tp) to R(G) (g> R{Tp) (see Definition 5.5 ) 
Note that the surjective morphism G x — > G, (g, t) i— ► <?.t induces maps i?(G) — > 
f?(G) ® f?(I», K G (M) -> if GxT/S (M), both denoted fc, with the tautological rela- 
tion k(RR G (M,E)) = RR axTf> (M,k(E)). To simplify, we will omit the morphism 
k in our notations. 

Let Af be the normal bundle Af with the opposite complex structure. With the 



convention of Definition |j the element A* A/" G fTcx'T^Af' 3 ) ~ K G {M 13 ) <x> R(Jp) 
admits a polarized inverse [a^AT] G # G (M0) Finally the result of 

Theorem 



5.8 can be written as the following equality in R(G) ® R(Tp) : 



(5.33) RR° (Af , E) = RR a ' T ' > (m^,E\ m0 <g> [A'/V"]/ 



Note that Theorem 5.8 gives a proof of some rigidity properties |7|, |3C[ ]. Let 
ff be a maximal torus of G. Following Meinrenken and Sjamaar, a G-equivariant 
complex vector bundle E — > M is called rigid if the action of if on E\ m h is trivial. 
Take (3 G f) such that Af 3 = Af H , and apply Theorem O, with /3 and -f3, to 
RR H (M,E), with £ rigid. 



If we take +/3, Theorem 5.8 shows that h G if — > (M, E){h) is of the form 
/i G if — > SaeH n a^° w ith n a 7^ (a, 0) > 0. (see Lemma [O]). If we take — (3, 
we find RR H (M,E)(h) = £ ae £n a /i Q , with «a^0=^-(a,^) > 0. Comparing 
the two results, and using the genericity of /?, we see that iff? (Af , f?) is a constant 
function on if, hence f?f? (Af, E) is then a constant function on G. We can now 



rewrite the equation of Theorem 5.8, where we keep on the right hand side the 
constant terms: 

(5.34) RR° (Af, E) = ^ RR{F,E\ F ) . 

FcM H - + 

Here the summation is taken over all connected components F of M H such that 
Afp' 13 — (i.e. we have < for all weights £ of the if-action on the normal 

bundle Afp of F). 



Proof of Theorem 5. 1 
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Let U be a G-invariant tubular neighborhood^ of M 13 in M. We know from 
section | that RR° (Af , E) = Indexg(Thom§(Af, J) (g> where 

Thom§(M, J)(m,w) := Thom G (V, J)(m, «; - (3js(m)), (m,u>) € TW. 

Let </> : V — > Z-/ be G-invariant diffeomorphism with a G-invariant neighbour- 
hood V of M@ in the normal bundle TV. We denote by Thom^,(V, J) the sym- 
bol 0*(Thonig(Af, J)). Here we still denote by J the almost complex structure 
transported on V via the diffeomorphism U ~ V. 

Let p : N M@ be the canonical projection. The choice of a G-invariant 
connection on TV induces an isomorphism of G- vector bundles over TV: 

(5.35) TTV p* (TAf^ © A/") 

tu i — ► Tp(w) © 

Here u> — ► (ii;) y , TTV — > p*Af is the projection which associates to a tangent vector 
its vertical part (see |[o]] [section 7] or |HJ [section 4.1]). The map J := p*(Jp © Jj\r) 
defines an almost complex structure on the manifold TV which is constant over 
the fibers of p. With this new almost complex structure J we construct the G- 
transversally elliptic symbol over TV 

Thom§(A0Kw) = Thom G (TV, J)(n,w - /3j^(n)), (n,w) G TtV. 

We denote by i : V — > Af the inclusion map, and i* : JVg(TgV) — > Kq^TqAT) the 
induced map. 

Lemma 5.9. VFe /love 

i»(Thom§(V, J)) = Thomg(TV) in K G (TAf). 



Proof : We proceed as in Lemma 2.2. The complex structure J n , n € V and 
J n , n G Af are equal on Af^, and are related by the homotopy Jf w % := J( x j.v)i u G 
[0,1] for n = (x.v) G V. Then, as in Lemma 2.2, we can construct an invertible 
bundle map A G r(V, End(TV)) G , which is homotopic to the identity and such that 
A.J = J. A on V. We conclude as in Lemma 2\2 that the symbols Thom^,(V, J) and 
Thon4(A0|V are equal in JVg'(TV). Then the Lemma follows from the excision 
property. □ 

Since E ~ p*(E\ M p), for any G-complex vector bundle E over Af, the former 
Lemma tells us that RR° (Af , E) = Index^(Thom§(TV) ® p*(E\ Mf >)). 

We consider now the Hermitian vector bundle Af — > M@ with the action of 
G x Tp. First we use the decomposition Af = ® a Af a relatively to the unitary 
action of on the fibers of Af. Let N a be an Hermitian vector space of dimension 
equal to the rank of Af a , equipped with the representation t — > t a of Tp. Let U 
be the group of T p- equivariant unitary maps of the vector space TV := ffi„JV" , and 
let R be the T^-equivariant unitary frame of (Af, Jj^) framed on TV. Note that 
R is provided with a U x G-action and a trivial action of : for x G M 13 , any 
element of R\ x is a T^-equivariant unitary map from iV to Af\ x - The manifold TV 
is isomorphic to R x j/ TV, where G acts on R and acts on TV. 

We denote by Thomg, xT (TV) the G xTp canonical extension of Thomg(TV). It 
can be considered as a G, G x Tp, or Tg-transversally elliptic symbol. Here we 



llr To simplify the notation, wc keep the notation Af 3 even if we work in fact on a connected 
component of the submanifold M@. 
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consider Thom GxT (A/ - ) as an element of i^GxT^ (Tt^ (R Ku N)). Recall that we 
have two isomorphisms 

(5.36) n* N : K GxTfi (T Tfi (R x v N))^K GxTfjxU (T T ^ xU (R x N)), 

(5.37) n* : ^(TMO^Gxt/fT^), 

where 7Tjv : Rx N ^ Rx-y N ~ J\f and 7rj_R — > i?/{7 ~ M' 3 are the quotient maps 



relative to the free [/-action. Following ( 3.24 ), we have a product 

(5.38) K GxU (TuR) x K TpXU (T Tp N) — > ^Gx T(3 xc/(T^xc/(i? x JV)) . 

The following Thorn classes 

- Thom£ xl> (A0 G K Gx j (T T0 (R x v TV)), 

- Thom^ xt/ (A0 g ^ T/j 

xuC^TpN), and 

- Thomg (M' 3 ) g Kq(TM@) 

are related by the following equality in K Gx Y fjX u{T^T f:lX u{R x N)) : 

(5.39) 7r^Thom GxT ^) = (ir*Thom G (M?)) Thom^ x „ (N) . 



We will justify ( |5.39| ) later. Every £ g K G (M), when restrict to M^, admit 
the decomposition £| M , a = £ a£ f- B ° ® C " in K Gxi>(M /3 ) ~ Kq(M^) R(T p ). 
Multiplication of fl5.39|) by £ gives 



7r^(Thom^ xT ^(7V)® J E|^)= £ 7r*(Thom G (M^)0£ Q )0(Thom^ xC/ (AO0C a ) 



a£Tp 



Following ( p.25| ) and Theorem (3.3), the last equality gives, after taking the 
index and the [/-invariant : 



GxT 



RR ' (M, E) 



(5.40) 



RR G (M 13 , E a ®W*)-Wi- Index T ' 3XC/ (Thom^ x[/ (7V) 



i£U 



U 



Here we used that RR p [M, E) is equal to the U -invariant part of 
Index G xTf)XU (7r* N (Thom§ xT (AT) ® E\ M0 )) , and the index of vr* (Thom G {M f) )®E a ) 

is equal to RR° (M 13 , E a W^.W^ 

Now we observe that for any L g R(U), the [/-invariant part of 
RR°(M 13 , E\ M0 W£).Wi L is equal to RR° (M 13 , E\ M ? L) with L = 
RxjjL. With the computation of Index 1 * 3 x ^ (Thom^ xU (N)) given in Proposition 



5.4 we obtain finally 



RR GxT '\M,E) = (-l) r ^^i?i? GxT ' 3 (Af' 3 ,£| M3 0detA/ + ' /3 5 fe ((A/0C) + ' /5 )) 

fcGN 



which implies the equality of Theorem 5.8 



We give now an explanation for ( 5.39 ), which is a direct consequence of the fact 
that the almost complex structure J admits the decomposition J = p*(Jp © Jj\f)- 
Hence A* T n Af equipped with the map Cl n (v — f3j^(n)), v G T n Af is isomorphic to 
A* T X M@ A* Af\ x equipped with Cl x (vi) Cl x (v2 — /3_f^(n)) where x = p a (n), and 
the vector v G T„7V is decomposed, following the isomorphism ( 5.35| ), in v = V1+V2 
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with vi £ T x MP and vi £ M\ x . Note that the vector w = f3j^{n) £ T„7V is vertical, 
i.e. w = [w) v . □ 

6. Localization via an abstract moment map 

Let (M, J, G) be a compact G-manifold provided with a G-invariant almost com- 
plex structure. We denote by RR : Kq{M) — > i?(G) the quantization map. Here 
we suppose that the G-manifold is equipped with an abstract moment map . 

Definition 6.1. A smooth map f G : M — ► g* is called an abstract moment map if 
i) the map f G is equivariant for the action of the group G, and 
izjPI for every Lie subgroup K C G with Lie algebra £, the induced map f K : 
M — > 6* is locally constant on the submanifold M K of fixed points for the K -action 
(the map f K is the composition of f G with the projection g* — > V). 

The terminology "moment map" is usually used when we work in the case of a 
Hamiltonian action. More precisely, when the manifold is equipped with a sym- 
plectic 2-form u> which is G-invariant, a moment map $ : M — > g* relative to lo is 
a G-equivariant map satisfying <£($, X) = — w(Xjvf, — ), X e g. 

For the rest of this paper we make the choice of a G-invariant scalar product 
over g*. This defines an identification g* ~ g, and we work with a given abstract 
moment map f G : M — > g. 

Definition 6.2. Let 7^° be the G-invariant vector field over M defined by 

ti m := (f (m) M )m, V m € M. 

The aim of this section is to compute the localization, as in section ^, with the 
G-invariant vector field Tt . We know that the Riemann-Roch character is localized 
near the set {$ h g = 0}, but we see that {® h g = 0} — {H = 0}. We will denote 
by C'g this set. Let H be a maximal torus of G, with Lie algebra f), and let f)+ be 
a Weyl chamber in t). 

Lemma 6.3. There exists a finite subset B G C f)+, such that 

° fa = U C P' with C J = G.(M' 3 n/- 1 (/?)). 

Proof : We first observe that Ti^ n — if and only if f G (m) = [3' and f3' M \ m = 0, 
that is m S Af' 3 n f° r some G g. For every (3' G g, there exists /? e f) + , 

with /?' = ff ./3 for some g € G. Hence Af 3 ' n Z" 1 ^') = g.(M? n f' 1 ^))- We 
have shown that C^g = U/?£[, ^/s i an d we nee d to prove that the set B G := {(i S 
E)+, Af 3 n f^ifi) ^ 0} is finite. Consider the set {Hi, ■ ■ ■ , H} of stabilizers for 
the action of the torus H on the compact manifold M. For each (3 € f) we denote 
by the subtorus of H generated by exp(t./3), tel, and we observe that 

M p n f G \f3) ^$ <^=> 3#i such that 1> C il* and M ffl n f G \/3) ^ 
<=^> 3H, such that /3 € f G (M H < ) n Lie(Hi). 



12 Condition ii) is equivalent to the following : for every X 6 g, the fonction (f G ,X) is locally 
constant on M . 
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But f G (M Hi ) n Lie(Hi) C f H .{M Hi ) is a finite set after Definition |1[ The proof 
is now completed. □ 

Definition 6.4. Let Thorn^ rgi(M) G K G (T G U G ' f3 ) defined by 

Thom£, , g AM)(x,v) := Thom G (M)(x,v - H°), for (x,v) € TZ/*'" . 



Here i : U ^ M is any G -invariant neighbourhood of C g such that U PI 
C f o = C° B . 

Definition 6.5. For every (3 € B G , we denote by RRp(M,—) : K G (M) -> R-°°(G) 
the localized Riemann-Roch character near C ' g , defined as in fy.Sfy , by 

RR G 3 (M, E) = fndex^G.^ (Thom^ (M) ® E^g.p ) , 

/or E € ifc(Af). A^ote £/ia£ £/ie map (A/, — ) is well defined on a non-compact 

manifold M when the abstract moment map is proper, since we can take 11 ' 

G 



relatively compact and the index map Index^G.,3 is then defined (see Corollary 3.i) 



According to Proposition |4.fj . we have the partition RR (M, — ) = 
TlpeB RRp(M,— ), and the rest of this article is devoted to the analysis of the 
maps RR g (M, - ), (3 € B G . 



In subsections 6.3 and p.4| we prove that [RRg(M,E)] G = 0, when E is /, 



strictly positive with r\ E „ > (0,(3) (see Def. |l.2| for the notion of f n -positivity). The 
next two subsections are devoted to the computation of RR G (M, — ) when is a 
regular value of the abstract moment map f G . 

6.1. Induced Spin structures. In this subsection we first review the notion of 
Spin c -structures (see (2|, 0>H)- After 

we show that the almost complex structure 
J on M induces a Spin c -structure on M re[ i. 

The group Spin„ is the connected double cover of the group SO n . Let i] : Spin„ — > 
SO n be the covering map, and let e be the element who generates the kernel. The 
group Spin is the quotient Spin n x^ 2 Ui, where Z2 acts by (e, —1). There are two 
canonical group homomorphisms 

i] : Spin —>■ SO n , Det : Spin — > Ui 

such that 77° = (77, Det) : Spin — > SO„ x Ui is a double covering map. 

Let p : E — ► M be an oriented Euclidean vector bundle of rank n, and let 
Pso(-E) be its bundle of oriented orthonormal frames. A Spin°-structure on E 
is a Spin^-principal bundle Pspin c 

(E) — > M, together with a Spin°-equivariant 
map Pspin^-E 1 ) — > Pso(-E')- The line bundle L := Psp^iE) x Dct C is called the 
determinant line bundle associated to Ps P m c (E) . Whe have then a double covering 
map[^| 

(6.41) rf E : P Spin o(E) — P SO (E) x Ptj(L) , 

where Pu(lL') := Pspin c (-E) XDct Ui is the associated Ui-principal bundle over M. 



13 If P, Q are principal bundle over M respectively for the groups G and H, we denote simply 
by P X Q their fibering product over M which is a G X H principal bundle over M . 
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A Spin c -structure on an oriented Riemannian manifold is a Spin c -structure on its 
tangent bundle. If a group K acts on the bundle E, preserving the orientation and 
the Euclidean structure, we defines a iC-equivariant Spin c -structure by requiring 
Pspin o (-E0 to be a i-T-equivariant principal bundle, and ( |6.41 ) to be (K x Spin )- 
equi variant. 

We assume now that E is of even rank n = 2m. Let A 2m be the irreducible 
complex Spin representation of Spin 2m . Recall that A 2m = A ^ © A^ inherits a 
canonical Clifford action c : M 2m — > Endc(A 2m ) which is Spin 2m -equivariant, and 
which interchanges the graduation : c(v) : A^ m — > A^ m , for every v € R 2m . Let 

(6.42) S(E) := P Spln c (E) x Spin c m A 2m 

be the irreducible complex spinor bundle over E —* M. The orientation on the 
fibers of E defines a graduation S{E) :— S(E) + © S(E)~ . Let E be the bundle E 
with opposite orientation. A Spin c structure on E induces a Spin c on E, with the 
same determinant line bundle, and such that S(E) ± = S(E) T . 

More generaly, we associated to an Euclidean vector bundle p : E — > M its 
Clifford bundle Cl(E) — ► M. A complex vector bundle S — •> M is called a complex 
spinor bundle over E — > M if it is a left-Cl(£')-module; moreover 5 is called irre- 
ducible if Cl(-B) ® C ~ Endc(5). In fact the notion of Spin c -structure (in terms of 
principal bundle) on a Euclidean bundle E — > M is equivalent to the existence of 
an irreducible complex spinor bundle over E — > M |]3^| . 

Since E — Ps P in c (^) x S P in= m lR 2m , the bundle p*S(E) is isomorphic to 
Pspin^) x Spin c m (R 2m © A 2m ). m 

Definition 6.6. Let S-Thom(E') : p*S{E)+ p*S(E)~ be the symbol defined by 

P S pin-(£) X S pin| m (K 2m © A+ m ) — » Pgpin^i?) X Spin c m (M 2m © A^J 

[p;u,io] i — ► [p,u,c(u)k;] . 

When E is the tangent bundle of a manifold M, the symbol S-Thom(_B) is denoted 
by S-Thom(M). If a group K acts equivariantly on the Spin c -stucture, we denote 
by S-Thoniif (i?) the equivariant symbol. 

The characteristic set of S-Thom(i?) is M ~ {zero section of E}, hence it de- 
fines a class in K{E) if M is compact. When E = TM, the symbol S-Thom(M) 
corresponds to the principal symbol of the Spin Dirac operator associated to 
the Spin c -structure [0. When M is compact, we define a quantization map 
Q(M, -) : K(M) Z by the relation Q(M, E) := Index M (S-Thom(M) © E) : 
Q(M, E) is the index of the Spin Dirac operator on M twisted by E. 

These notions extend to the orbifold case. Let M be a manifold with a locally 
free action of a compact Lie group G. The quotient X := M/G is an orbifold, a 
space with finite quotient singularities. A Spin structure on X is by definition a 
G-equivariant Spin structure on the bundle TqM — > M; where TqM is identified 
with the pullback of TX via the quotient map w : M — * X. We define in the 
same way S-Thom(-Y) e K orb (TX), such that 7r*S-Thom(A') = S-Thom G (T G M ). 
The pullback by it induces an isomophism ir* : K or i,(TX) ~ Ka(ToM). The 
quantization map Q(X, — ) is defined by : Q(X, £) = IndexA , (S-Thom(A') © £). 

Lemma 6.7. Let E — > M be an oriented G-bundle . Let go,gi be two G-invariant 
metric on the fibers of E, and suppose that (E,go) admits an equivariant Spin°- 
stucture denoted by Pspin c (-E, go)- The trivial homotopy gt = (1 — t).go + t.g± 
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between the metrics, induces an equivariant homotopy between the principal bun- 
dles Pso(E, go), Pso(E,gi) which can be lift to an equivariant homotopy between 
Pspin c (-E, go) and a Spin c -bundle over [E,g\). When the base M is compact, the 
corresponding symbols S-Thomc(E, go) and S-Thomc^i?, gi) define the same class 
in K G (E). 

Proof : Let S be the irreducible complex spinor bundle associated to Ps P in c (E, go). 
We denote by c : C\(E,g ) — ► Endc(S) the corresponding Clifford action. Let A t 
be the unique go-symmetric endomorphism of E such that gt(v, w) — go(At(v), At(w)). 
The composition Co o A t is then a Clifford action of (E, gt) on S. It defines a Spin c - 
structure on the bundle (E,g t ) which is nomotopic to Pspin c (-E, go)- □ 

Consider now the case of a complex vector bundle E — > M, of complex rank m. 
The orientation on the fibers of E is given by the complex structure J. Let P\j(E) 
be the bundle of unitary frames on E. We have a morphism j : U m — * Spin2 m 
which makes the diagram^ 



(6.43) 




Spina 



ixdct 



S0 2m x Ui . 

commutative ^5|. Then 

(6.44) Ps P i„c(£) := Spin^ m Xj P V (E) 

defines a Spin c -structure over E, with bundle of irreducible spinors S(E) 
and determinant line bundle equal to detc E. 



A'E 



Remark 6.8. Let M be a manifold equipped with an almost complex structure J. 



The symbol S-Thom(Af ) defined by the Spin -structure (6.44 )> an d the Thorn symbol 
Thom(M, J) defined in section coincide. 



Consider our case of interest, where M is a compact G-manifold equipped with 
an equivariant almost complex structure J and with an abstract moment map 
f G : M — > fl*. Here we assume that is a regular value of f G : Z :— / c 7 1 (0) is a 
smooth submanifold of M with a locally free action of G. Let M. re d '■= Z/G be 
the corresponding 'reduced' space, and let 7r : Z — > M re d be the projection map. 
On Z we have an exact sequence — > TZ — > TM\z — ^ 0* x Z — > 0, and 
TZ = TgZ®Qz where gz — Q x Z denotes the trivial bundle corresponding to the 
subspace of TZ formed by the vector field generated by the infinitesimal action of 
g. So TM\z admits the decomposition 



(6.45) 



TMI 



Tr,Z 



Qz ®3 



x Z 



The bundle n* (TMred) is identified with TgZ. Thus the decomposition (6.45) can 
be rewritten 



(6.46) TM\z = TT*(TMred)®8C><Z ■ 

with the convention gz = (fl ® x Z and g* x Z = (g i 
Lemma 6.9. The data (J, f G ) induce : 

14 Here i : U m S02m is the canonical inclusion map. 
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• an orientation o re d on M r ed, 

• a Spin -structure Q re( j on (M re d,o re d)- 

Moreover, the irreducible complex spinor bundle A'TM, when restricted to Z , de- 
fines a complex spinor bundle over it* (TM. r ed) © 9c x Z which is homotopic to 

n*S(M re d) ® A*fl C X Z. 

Proof : Since qc x Z is canonically oriented by the complex multiplication by i, 
the orientation o( J) on M determines an orientation o(M re d) on TM. re d such that 
o(J) = o{Mred)o{i). 

Let go be the Riemannian metric on TM|z equal to the restriction to Z of the 
Riemannian metric on M (which is taken compatible with J). If P is the Spin c - 



structure on M determined by J (see 6.44), the restriction P\z is then a Spin 



structu re on (TM\z, go). Let g\ be a G-invariant metric on the bundle TM\z which 



makes ( 3.46 ) an orthogonal su m, a nd which is constant on the the trivial bundle 



Qc x Z. We know from Lemma 6_7 that the Spin c -structure ~P\z on (TM\z, go) is 
homotopic to Spin c -structure Pi on (TM\z, gi) (both are G-equivariant). 

The S0 2 fe xUi-principal bundle Pso(''"*(TA / { rec i))xP u (g c xZ) is a reduction^ of 
the S0 2n principal bundle Pso( 7r *(TA^ re d)©0c x Z), thus we have the commutative 
diagram 



(6.47) 



Q 



■PsoU*(T7W red )) x Pu( 0c x Z) x Pu(L| z ) 



Pso{ir*(TMred) © flc x Z) X Pjj(L\ Z ) , 



Pi 

where L = det<c(TM, J). Here Q is a (ff) _1 (S0 2fe x U/) ~ Spin^ x LYprincipal 
bundle. Finally we see that Q re d = Q/(Ui x G) is a Spin c structure on M. r ed with 
determinant line bundle L rec ; = detc(TM\z)/G. 

The irreducible complex spinor bu ndle A'TM, when restricted to Z, is homo- 
topic to S' = Pi x Sp in- A 2m . Using fl6.47|) we get 



S' = Qx (Spin c fcXUj) (A 2fe ® A'C 1 ) 

= ((Q/U ; ) x Spin c fc A 2fc ) ® ((Q/Spin c 2fe ) XUi A'C') 

= TT*S(Mred) © (A"flc) X Z . 

Here we have used the identifications Q/Spin^ = Pu(flc x Z) and Pu(flc x Z) x U( 
A'C Z = (A' 0C ) x Z. □ 

We shall consider the particular case where J defines an almost complex structure 
on M re d- It happens when the following decomposition holds 

(6.48) TM\ Z = TZ © J{q z ) ■ 

With J6.48D , TM| 2 decomposes in TM\ Z = TT*(TM re d)®Sz®J(Sz) : let us denote 
by pr : TM\z — > 7r*(T.Mred) the corresponding projection. Since gz © -/(flz) is 
invariant by J, the endomorphism J rec i :— pr o J is a G-invariant almost complex 
structure on 7r*(TA^red)- 



15 Here 2n = dimM, 2k = dim _M re d and / = dim(g), so n = k + I. 
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Using the identification g ~ q*, one considers the endomorphism T> of the trivial 
bundle g x Z defined by 

(6.49) V(X) = -df G (J(X z )) , for Xe fl. 



Condition ( p.4q ) is then equivalent to : det V{z) ^ for all z£Z. We shall use the 
normalized map V{V t V)- 1 l' 1 which is an orthogonal map for the fixed Euclidean 
structure on g (to simplify we keep the same notation T> for it). Let Jj> be the 
complex structure on the trivial bundle Qc x Z defined by the following matrix 



Jv :-- 



-V 

v- 1 



Lemma 6.10. Suppose that the decomposition (6. 48) holds. Or^\ TM\z = 
7r* (TM re d) © Qc x 2 the almost complex structure J is homotopic to J re d x Jp. 
Hence the irreducible complex spinor bundle A'TM, when restricted to Z, de- 
fines a complex spinor bundle over tt* {TM. re d) © Qc x 2 which is homotopic to 
ir*(A Jred TMred) ® A' 7b C x Z. 

Proof : Trough the decomposition TM\z = ir*(TM re d) © Bz © J(Sz), the map 
J is described by the matrix 

I Jred 

^ A i 

hence J is homotopic to 

*' red 



J' = 



i 



In the decomposition (3.46), J' has the following matrix 



Jred B 

c 

with C G End(gc x 2) of the form 

-VbV- 1 -V 

tfv- 1 +V- 1 b 

Hence J' is tied to J re d x Jr> through the homotopies t —> t B and t —> tb, <t < 1. 
□ 

6.2. The map i?i?o . The map RR%(M, -) : K G (M) -> R-°°(G) is the Riemann- 
Roch character localized near C G = /^(O) (see Definition |6j). In particular, 
RR (M, — ) is the zero map if does not belong to f G {M). In this subsection, we 
assume that € / G (M) is a regular value of / G . We have proved in the past sub- 
section that J induces an orientation o{M. re d) on the reduced space M. T ed together 
with a Spin c -structure on (M re d, o(M re d))- Let S-Thom(7W re d) be the elliptic 
symbol defined by this Spin c -structure and let Q(M r ed, — ) be the corresponding 
quantization map. 

Proposition 6.11. For every G-equivariant vector bundle E — > M , we have 

(6.50) RR°(M,E) = Q{M red ,E red ® V).V|, in R~°°{G) , 

mga* 



3 Here we use the decompostion (3.46) of TM\z 
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Here E red — E/G is the orbifold vector bundle on M. red induced by E, and = 

Z x q V/j, . In particular, the G '-invariant part of RR (Af , E) is equal to 
Q(M red ,E red ) e Z. 

Equality (jsTHob is obtained by Vergne ||[Part II] in the case of a Hamiltonian 
action of the circle group on a compact symplectic manifold. 



Suppose now that the decomposition ( 6.48 ) holds. The trivial bundle g^xZ has 



two irreducible complex spinor bundles A*gc x Z and A'^gc x Z. Thus 
(6.51) A'^flc X Z = Ajflc X Z ® n*L v 

where ir*Lx> — > Z is the line bundle equal to Hom G ; c (A*gc x Z, A'^gc xZ) : at z S 
Z, tt*Lx>\z is the complex vector space of linear maps A'gc - * A* ,^gc commuting 
with the Clifford actions (see Q). Note that Aj^gc x Z = A^gc x Z ®n*Lv if 
the orientation of Jx> coincide with those defined by i (i.e. detl? > 0). If detP < 0, 
we have Aj^gc x Z = Aj gc x Z ® it*Lt>. 



Proposition 6.12. Suppose that the decomposition (6.4-t) holds, and let 
RR J red.(M rec i, — ) be the quantization map given by J red . For every G-equivariant 
vector bundle E — > M , we have 

(6.52) 



RR Q (Af, E) =± RR Jr " d {M red , E red ® L P ) , 



where ± is i/ie sign of detT>. 



Proof of Proposition 6.11 : Following Definition 6.5, the map RR (Af, — ) is 

,G,0, 



■f GO G 

defined by Thom G [0] (Af) € K G (T G U ' ), where U ' is a (small) neighbourhood 

of Z in Af. Since is a regular value of f G , U°' is diffeomorphic to Z x g*, and 
the moment map is equal to the projection / : Z x g* — > g* in a neighbourhood 
of Z in Z x g*. We denote by a z € ff G (T G (Z x g*)) the symbol corresponding 
to Thom G [ ](Af) through the diffeomorphism hi ° = Z x g*. Let Index^xg* : 
fT G (T G (Z x g*)) -> R-°°(G) be the index map on Z x g*. The map RR° {M, -) 
is defined by RR^{M,E) = Index| xg .(<T 3 ® f*(E\ Z )). 

Following Atiyah Q[Th eorem 4.3], the inclusion map j : Z > Z x g* induces an 
J?(G)-module morphism j\ : fsT G (T G Z) — > fC G (T G (Z x g*)), with the commutative 
diagram 



(6.53) 



^g(T g Z) 



ff G (T G (Z x g*)) 



Index, 



Index° XB , 



R-°°(G) 



More generally, the map ii : fT G (T G Z) — > f^ G (T G ^) is defined by Atiyah for 
any embedding i : Z <—* y of G-manifolds with Z compact. 

Consider now the case where i is the zero-section of a G-vector bundle £ — > 
Z. In general the map ii is not an isomorphism. If furthermore the G-action 
is locally free over Z, then T G Z, T G £ are respectively subbundles of TZ — > Z, 
T£ — > £, and the projection T G £ — > T G Z is a vector bundle isomorphic to s*(T£) 
(where s : T G Z e -» TZ is the inclusion). Hence the vector bundle T G £ — > T G Z 
inherits a complex structure over the fibers (coming from the complex vector bundle 
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T£ -> TZ). In this situation, the map h : K G (T G Z) -> K G (T G £) is the Thorn 
isomorphism. 

In the case of the (trivial) vector bundle Zxg* ->2, the map j\ : K G (T G Z) — > 
K G (T G (Z x 9*)) is then an isomorphism. Take dz — (j\)~ 1 (o~z), and from the 
commuta tive diagram (|H) we have RRq (M, E) = Indexf (<?z ® E\ z )- From 



Theorem 3.3 



we get 



Indexf {a~z ® E\ z ) = ^ Indcx M„ d ® E red ® V)-^ , 

where <r red € i4T or f,(TAl re d) corresponds to dz = (j\)~ 1 (o~z) through the isomor- 
phism tt* : K or b(TM re d) — > -Kg(TgZ). Proposition |6. 12 follows immediately from 
the 

Lemma 6.13. FFe /iai>e 

o (tt)* (S-Thoim>W)) =^ 

m^(T G (2 x fl *)). 

Proof : Let S(M) the irreducible spinor bundle defined by the almost complex 
structure J. Let J be the almost complex structure on 2 x g", equal to J on Z, 
and which is constant on the fibers of the projection Zxg^2. Since the almost 
complex structures J and J are homotopic near Z, the complex crz can be defined 
on Z x g with J : we take S(M)\z x g* for bundle of spinors over Z x g*. Following 
(3.46) and (6.45), for (z,£) € Z x g* a vector t> S T( z ,f)(Z x g*) decomposes into 
u = «i + X + tY, where v\ € tt* (TAQ), and X + zF e gc- The map az(z, £; i>) acts 
on S(M) Z by the Clifford action pushed by the vector fieldQ 7i f) = : 

<7z(z,e;t;) = Ca,(«i+X + »(y-0) ■ 
Using now Lemma |6.9| , we see that o~z is homotopic to the symbol a' z which acts 
on the product (-K*S(M r ed) A*gc x Z) x g* by 

^(z,C;«) = a a («i)©a(A:+i(r-0) ■ 

Now we see that the map C\ z (vi) Cl(X + i{Y — £)) is homotopic, as a G- 
transversally elliptic symbol, to C\ z {v\) Cl(£; + iX). The if -theory class of this 
former symbol is equal to (7r)*(S-Thom(Al r eci)) fei(C) (where k : {0} <-* g*) 
which is the symbol map of j\ o (tt)* (S-Thom(A4 re d)) (see the construction of the 
map j\ in (l) [Lecture 4]). We have shown that j\ o (tt)* (S-Thom(A4 re d j) = oz in 
K G (T G (Z x &*)). □ 



Proof of Proposition 6.H : Here the proof is similar to the former proof but we 



use Lemma 6.1C instead of Lemma p.ty One as to show that 
j\ o (tt)* (S-ThomtAL-ed) Lvj = ±a z 

in K G (T G (Z x g*)), where ± is the sign of detT>. By Lemma 3.10, we see as before 
that oz is homotopic to the product 

(6.54) Cl a («i)OClj (£ + tA:) 

acting on (A* d ir* (TA4 re d) A'^jjc x Z) x g*. Now we use the isomorphism of 
irreducible complex spinor bundles Q6.51 ) where we have two different orientations 

17 The tangent vector Ti. G (z,£) £ 8z\z is equal to it; £ gc X 2. 
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o(Jv) and 0(1) on gc x Z: o( J-p) = ±o(«) where ± is the sign of det£>. Hence the 
transversally elliptic symbol ( |6.54 ) is equal to 



± a,(«i)0Gl(f + tX-)0H£ o 
acting on (A* re<J 7T*(T.M re d) <g> A*g c x Z L v ) xg*. D 

6.3. The map RR^ when G@ = G. When f} S B G — {0} is in the center of g, 
the map RRg(M, — ) is the Riemann-Roch character localized near M 13 n / c 7 1 (/3). 

In this subsection we prove that [RR p {M,E)] G = if E is a / G -strictly positive 
complex vector bundle. 

The almost complex structure J and the abstract moment map f a : M — > Q 
restrict on M@ to an almost complex structure Jp and a abstract moment map 
/ G | M /3. The set n f~ l (j3) = (f G \mi 3 )~ 1 {P) is a component of the critical set of 
C f G \m(> , and we denote by RR° -) : K G (M> 3 ) -> R-°°(G) the Riemann-Roch 



character on M° localized near the component (/ g |m<0 _1 (/^) ( see Definition 6.5). 

Here we proceed as in section |^. Let p : Af — ► M 13 be the normal bundle of M@ 
in M . The torus G acts linearly on the fibers of the complex vector bundle 



TV, thus we associate, as in Theorem 5.S, the polarized complex G-vector bundles 
Af+'P and (/V® C)+' /3 . 

Proposition 6.14. for every E S Kq{M), we have the following equality in 
R{G) : 

RRp(M,E) = (-l) r "^RR G p{MP ,E\ m det JV^ S k ((Af ®C) + ^) , 
fceN 

where rj^ is the locally constant function on M@ equal to the complex rank of ' M + ^ 3 . 

Consider the G x T/3-Riemann-Roch character i?i? /3 13 (Af' 3 ,— ) localized near 
M^nf- 1 (f3). It can be extended trivially to a map, still denoted by RrT^ 13 (M 13 , -), 



from K G (M !3 ) <§> to R-°°(G) i?(T /3 ). Following Definition |J the clement 

AJAT € Kqxt p[M^) ~ Kg(M^) admits a polarized inverse [A* 



if G (M^)0i?(Ta). Finally the result of Proposition |04 can be written as the 
following equality in R-°°(G) R(T ) : 

(6.55) RR G p {M,E) = RR G ^" (m ,E\ ms . 

Consider the decomposition of RR°p{M, E) = J2\ m p,\(E) xf m irreducible 
characters ^ € A+- Let £J be a f G -strictly positive com plex vector bundle 
over M, and let n E „ > be the constant defined in Definition |l.2| . If Z is a con- 
nected component of iW 3 which intersects /~ 1 (/3), every weight a of the T^-action 

k 

on the fibers of the complex vector bundle E®\ z AetN + - J3 S*((JV® C)+' /5 ) 
satisfy (a,/3) > k.rj Ef} . Lemma 9.4 and Corollary 3.E, applied to this situation, 



show that 

(6.56) rnp, x {E®) ^ <A,/3) > . 

In particular [ii-Rg (M, -E)] G = mpfi(E) = 0, so we have proved the 
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Corollary 6.15. Let E be a f„ -strictly positive complex vector bundle over M 



,G 



(see Def. l.i). For any (3 £ B G — {0}, with Gp — G, the G-invariant part of 



RRp (Af, E) is equal to 0. 



Proof of Proposition 6. 14 



Here we proceed as in the proof of Theorem 5^8. The almost complex structure 
J induces an almost complex structure Jp on M@ and a complex structure Jjj 
on the fibers of Af. The G x T^-vector bundle p : Af — > M@ is isomorphic to 
R X[j N — > M 13 — R/U, where R is the T/3-equivariant unitary frame of (A/ - , Jaa) 
framed on N. 

Let U be a neighbourhood of Gp in M, and consider the G-transversally 
elliptic symbol Thom G[3] (M) £ K G (T G U G f> ) introduced in Definition 6.4. Here 



we choose W ' diffeomorphic to an open subset of Af of the form V := {?i = (x, v) £ 
Af,x£U and \v\ < e}, where W is a neighbourhood of (/ G |m' 3 )~ 1 (/9) m The 
moment map / G , the vector field TL , and Thom G ^ (M) are transported by this 
diffeomorphism to V (we keep the same symbol for these elements). 
We define now the homogeneous vector field TL on Af by 

(6.57) H n := (f G (p(n)))jn), n £ Af . 

Using the isomorphism TAf^p* (TAf 3 ©TV) (see (|5.35|) ) the manifold Af is en- 
dowed with the almost complex structure J := p*( Jp® Jjv). With the data (J, W ), 
we construct the following G-transversally elliptic symbol over Af : 

(6.58) Thom f G m (Af)(n,w) := Thom G (7V, J)(n,w-H°), for (71,10) £ TAf . 
Let us now verify that 

Tbom f Gm {M) = Thom^ M (A0 in K G (T G V) . 

The invariance of the Thorn class after the modification of the almost complex 
structure is carried out in Lemma 5.9 : the class of Thom£, ^ (M) is equal in 



Kg(TqV) to the class of the symbol 

0-1(71,10) := Thom G (A/ - , J)(n,w -H°), (n, to) £ TV. 

Using now the family of vectors field TL° (n) := (^f G (x,t.v)j (n), t £ [0,1], 
n = (.x, v) £ V, we construct the homotopy 

o- t (n,w):=Thom H (Af,J)(n,w-Ht(n)), (n,w) £ TV 

of G-transversally elliptic symbol between 01 and Thom G ^ (Af) (one easily verifies 
that Char(o t ) n T G V = C p for every t £ [0, 1]). Finally, we have shown that 
Thom G m (Af) = Thom G [;3] (M) in K G {T G V), thus 

RRp(E) = Indcx^ (Thom G [fj] (Af)®p*(E lMf if 
for every E £ K G (M). 
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Now we proceed as follows. For every (n, w) £ TV, the Clifford action 
Thorny ^(Af)(n,w) = Cl n (w — H n ) on A*T„V is equal to the exterior product 



(6.59) Cl x (wx - [H n ]i) Cl x {w 2 - [H n } 2 ) 

acting on A'T^Af 3 ® A^Af\ x , where x = p(n). Here w — > w b T„V — > T x M f3 is the 
tangent map Tp| n , and w —> w 2 = [w] v , T n V — > A/] a is the 'vertical' map. We see 
that [W n ]i = TL, i s the vector field on M' 3 generated by the moment map J g \m0 



(see Definition 6.2). 

Suppose that the exterior product ( 6. 59] ) can be modified in 



(6.60) Cl x { Wl -n x )QCl x {w 2 - (3 N \ n ), 

without changing the K-theoretic class. This will prove a modified version of ( |5.39 ) 

in KGxTpxuC^GxTpxU 

(R x N)) : 

(6.61) n* N Thom f GM (Af) = 7 r*Thom^ [/3] (M' 3 ) Thom^ x v (N) , 

where ttn : R x N — > i? Xjj N = Af, tt : R — ► i?/C/ = Af 3 are the quotient maps 
relative to the free {/ -action, and is the product 

(6.62) K GxU (T GxU R) x ^ xt7 (T T ^iV) —> K G xT xu(T G xr p xu(R X iV)). 

The symbols Thorn^ rgi(Af), Thom^, ^(M^) and Thom^ xU (N) belong respec- 
tively to K GxTa {T GxTa (R Xu N)), K G (T G (R/U)), and K TaxU (T TffXU N). The 
Proposition 6.14 follows after taking the index, and the [/-invariants, in ( |6 . 6 1[ ) . 



Finally we explain why the change of [W n ]2 in (3j\f\ n can be done in ( 3.5£ ) without 
changing the class of Thom£, ^ (A/ - ) . 

Let fj/^ : g — > r(M' 3 , End (A/ - )) be the 'moment' relative to the choice of a 
connection on Af — > Af' 3 (see Definition 7.5 in Jl(J). Then, for every l€jwe have 

^(x^f^/fl)!,.^ (x,v) G Af 

(see Proposition 7.6 in fTof ). When X = f3, the vector field (3j\f is vertical, hence we 
have /j/^([3)\ x .v — C^{[3)\ x .v = —j3tf(x,v), where C^(j3) is the infinitesimal action 
of j3 on the fiber of Af — > Af 3 . We have also [H n ]2 = (f G (x))\ x .v, for every 
n = (x, v) G A/". 

Note that the quadratic form v G A4 — > |£- /v "(/?)| a; .'!;| 2 is positive definite for 
x G Af' 3 . Hence, for every l£g close enough to /3, the quadratic form v G A4 — > 
(H M (P)\ x .v, ii M (X)\ x ,v) is positive definite for x G Af 3 . 

Consider now the homotopy 

cr*(n,«;) :=Ci s («; 1 -W°)0C7J x (ica-t.[7^] 2 -(l-t).)9 J v|„), (n,«)eV te [0,1]. 
We see that (n, to) € Char(cr*) n T G V if and only if 

i) wi — H x , w 2 — t[H n } 2 + (1 — t)f3jv(n), and 

ii) (wi,X My3 (x)) + (io 2) [X^(x, = for all leg. 
Take now X — f G (x) in ii). Using i), we get 

2 

(6.63) H x +t.\n* r {f G (x))\ x .v\ +(l-t).12{x,v) =0 , 

with Z(x,v) := (^((3)\ x .v,^(f G (x))\ x .v). 
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If x G M 13 is sufficiently close to (f G \m< 3 )~ 1 {P) , the term Y,(x,v) is positive for 
all v G Af x - In this case, ( 6.63| ) gives H x — and S(x, v) = 0, which insures that 
x G C Q and v = 0. 

We have proved that Char(V) n T G V = Cg for every t G [0, 1] if V is 'small' 
enough. Hence u* is an hom otopy of G-transversally elliptic symbols over TV 
between the exterior products ( 6.59| ) and ( 6.60| ). □ 

6.4. Induction formula. This section is concerned by an induction formula which 
compare the map RRg (Af, — ) with the similar localized Riemann-Roch characters 
defined for the maximal torus, and the stabilizer Gg. The idea of this induction 
comes from a previous paper of the author |32f where a similar induction formula 
in the context of equi variant cohomology was proved. 

Consider the restriction f H : M — ► fj of the moment map f G to the maximal 
torus H. In this situation we use the vector field Ti" \ m = f H (m)M\m,rn G M to 
decompose the map RR (Af, — ) : Kjj(M) — ► R(H) near the set C f H = {H = 0}. 
From Lemma 6.3 there exists a finite subset B H C f), such that C'R — U/3eB ^8 > 
withC^ =M f3 r\f- 1 {f5). As in Definitional, we define for every [3 G B H , the map 
RRg(M,—) : Kh(M) — > R~°°{H) which is the Riemann-Roch character localized 
near Cg . 

Let W be the Weyl group of (G,H). Note that B H is a W-stable subset of f), 
and that B G C B H n f)+. 



Theorem 6.16. We have, for every (3 G B G , the following induction formula he- 
lp (M,-) and RR i 



tween RR (Af, -) and RR (Af, -). For every E G K G (M), we havdF\ 



RRg (A/, E) = p^ Ho C (M, E) hi Q/t, 



p'ew.p 



Rof H (RRp>(M,E)) 



where Wp is the stabilizer of (3 in W . 

We can use the previous induction formula between G and H index maps to pro- 
duce an induction formula between G and Gg index maps. Consider the restriction 

f G : M — > 0/3 of the moment map to the stabiliser Gg of /3 in G. Let RRg' 3 (Af, — ) 
be the Riemann-Roch character localized near Cg 13 = M@ n /~ 1 (/3)P^|. 
Corollary 6.17. For every [3 G 23 G and every E G Kq{M), we have 

RRp (Af, F) = Hol^ (iiR? (Af, F) A* flT^) in iT°°(G) . 

Proof of the Corollary : It comes immediately by applying the induction formula 
of Theorem 6.16 to the couples (G,H) and (Gg,H). 



8 See Equations (3.85) and (9.87) in Appendix B for the definition of the holomorphic induction 

g a 

maps Hol„ and Hol_ . 

19 Note that M& n Z" 1 = M' 3 n f~ l HP) because f G = f G on M@. 



:!8 



PAUL-EMILE PARADAN 



Corollary 6.18. Let E be a f G -strictly positive complex vector bundle over M (see 

Def. [IJj. We have [RRp(M,E®)] G = 0, if k.r] BJj > (9,(3). Here 9 = £ Q>0 a is 
the sum of th e po sitive roots of G, and n E „ is the strictly positive constant defined 
in Definition 



11. 



Proof of Corollary \6.1£\ : 

Let us first write the decomposition^ RR° p f) (AT, E®) = EagA+ m \p{ E ®)X>! > , in 

irreducible character of Gp. We know from ( |6.56 ) that m\^(E®) ^ => (A, (3) > 
k.n E „. Each irreducible character v p is equal to HolJ 1 (h x ), so from Corollary 

|6l7|we have RR°(M, E») = Hoi* ((£ A m K p{E®) /i A )n QeA(g/fl/?) (l-/i-<*)) where 
A(g/g ( g) is the set of iJ-weight on Finally , we see that RR^(M, E®) is a 

sum of terms of the form m\.p(E®) Hol^ (h x ~ ai ) where aj = Ylaei a an d ^ is a 
subset of A(q/qp). 

G w 

We know from Appendix B that Hoi (h ) is either or the character of an 

G , / 

irreducible representation; in particular Hol H (h ) is equal to ±1 only if (A', X) < 

for every X e f)+ (see Remark So [RR° (M , E®)] G ^ only if there exists 

a weight A such that m\ t p{E®) ^ and Hol^ (h x ~ ai ) = ±1. The first condition 
imposes (A, (3) > k.r] E . and the second gives (A, (3) < and combining the 

two we end with k.T) B/3 < (a/,/3) < Y, a eA( s / Sf3 )( a ^) = ( ,P)- We have proved 

that [RR G (M,E®)} G = if k.r) EJ3 > (9,13). □ 

Proof of Theorem 6.1(\ : 

The first two equalities of the Theorem can be deduced from the third one, 

G G / H \ 

that is RRp(M,E) — Ylp'ew.p Hol H [RR ,(M,E)). First, it is easy to see that 

RR^p(M,E) = w.RRp(M,E) for every w e W ernd (3 e B H . After, the relation 

Rol H (4> A* cj/h) = Xuxew Hol H (iy.</>), which is true for every 4> G R~°°(H) (see 
Remark |9.2| ) , gives the first equality of the Theorem 

lp (M, — ) is defined through the symboi muuig rg, 

' -/ 

C^g = Cp (see Definition |6.4|) . We define in the same way the localized Thorn 
complex Thom^ m (M) € K H (T H U H '' 

For notational convenience, we will note in the same way the direct image of 
Thom^ [/3] (M) (resp. Thom^M)) in K G (T G M) (resp. K H (T H M)) via C : 

K G (T G U G ^) -> ^ G (T G M) (resp. i"/ : K H ^T H U Hli ) -> lf ff (T ff M)). 

Then we have RRp(M,E) = Indcxf f (Thom£, [/3] (M) ® £) for £ e K G (M). 

The Weyl group acts on Kh{ThM) and we remark that iw.Thonrjy rg, (M) = 



The map (M, -) is defined through the symbol Thomjt, [/3] (M) G K G (T G L( G 13 ) 
where « G /3 : U G ' — > M is any G-invariant neighbourhood of Cg such that LI* 3 ' 13 n 



20 We choose a set ^ of dominant weight for Gp that contains the set K* + of dominant 
weight for G. 

21 The complex structure on g/ 'g@ is defined by /3, so that (o,/3) > for all a £ A(g/g ( g). 
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Thom^ r pAM) for every (3 £ B H , and w £ W. After taking the index we see 

that RR^ p{M,E) = w.RRp (M, E) for every G-vector bundle E. 

Consider the map r" G R : K G (T G M) -> K H (T H M) defined with 7 G J) in the 
interior of the Weyl chamber, so that G 7 = H (see subsection 3.5). The third 
equality of the Theorem is an immediate consequence of the next Lemma. 

Lemma 6.19. We have 



<H (Thom£ )[/3] (M)j = E Thom H,^]W®A£fl/f) in K h (ThM) 

P'ew.p 



Proof of Lemma 6.1<\ 



Consider a G-invariant open neighbourhood i/ u P of Gj such that U°"' 3 D C^o = 
Cp. We know from Proposition 3/7 that the class r G a (Thom^, ,^,{M)) is repre- 
sented by the restriction to TU Gf< of the symbol 

ai(m, v) = Cl m (v - H G J Cl(p G/H («)), (m, «) e TM . 

Here Mq/h : TM — * g/f) is the g/f) part of the Hamiltonian moment map /i G : 
TM — > g. Let / G : M — > g/f) (resp. / H : M — > h) be the g/f)-part (resp. the 
f)-part) of the moment map f G . We will use in our proof the relation 

(6.64) ( t , G/H (H)J G/H ) e = \\H\\l - (H G ,H H ) M . 

Consider the family of iJ-equivariant symbols ag, 8 £ [0, 1] defined on TM by 

ag(m,v) = Cl m (v - H°J CI (9fi G/H (v) + (1 - 6)f G/H {m)) , (m,v) £ TM . 

We see that (m, v) £ Char(ae) -<=>■ v = and 0fj, a/H (H m ) + (1 - 0)f G/H (m) = 0. 
Combining ( 3.64 ) with the fact that the vector field belongs to the if -orbits, 
we see that Charge) DT^M c {hi — 0}, for every 9 £ [0, 1]. By this way we have 
proved that oi\ u g,p is nomotopic to the if-transversally elliptic symbol an\ u G,p 
where 

a H (m,v) = Cl m (v - H m ) Cl{f G/H (mj), (m,v) £ TM . 

We transform now an via the following homotopy of if-transversally elliptic sym- 
bols 

a u (m,v) := Cl m (v - H m - u.uZ" ) GZ(/ G/ff (m)), (m,«) £ TM , 

for u <E [0, 1]. Here Char(cr u ) n T H M = {hf = 0} n {f G/H = 0} for all u £ [0, 1], 
hence gu\ u g,p is homotopic to the if-transversally elliptic symbol am\ u G,p where 

ani(m,v) = Cl m (v - H m ) Cl(f G/H (m)), (m, v) £ TM . 

At this stage we have proved that ai\ u a,/3 = am\ u G,n in Kh(Th14 ' ). Note that 

Ghar(a in \ U G,,)nT H u G '" = G.(M? n f-\0)) f]{f G/H =0} 

= ^.(M^n/- 1 ^)) , 
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because G./3 n t) = W./3. Let i : U° ^ =— > W be a TJ-invariant neighbourhood of 
W^M^n/- 1 ^)) such that Un{H H = 0} = W^M^n/" 1 ^)). The symbol cr///| w 
is iJ-transversally elliptic and 

(6.65) = <riu\ u a,e = <ri\ u <*.f> in Kh(ThU°' ) . 

As in the proof of Proposition 4. 1 , ( 6.65| ) is an immediate consequence of the excision 
property. 

The symbol (m,v) — > Cl m (v — Tt m ) is iJ-transversally elliptic on TU, and 
equal (by definition) to Ylp'ew.p Thonr^ rg,, (M). Hence <jih\u is homotopic, in 
Kh(ThM), to (m,v) — ► Cl x (v — TC m ) B /^, where g /f, is the zero map from 
Ag ue "g/t) to A%f d g/t). Finally we have shown that om\u = J2p>ew.f3 
A'g/f) in K H (T H U), and then ( 6. 65] ) finishes the proof. □ 



7. The Hamiltonian case 

In this section, we assume that (M, w) is a compact symplectic manifold with 
a Hamiltonian action of a compact connected Lie group G. The corresponding 
moment map fi a : M — > jj* is defined by 

(7.66) cZ(M e ,X) = -w(X M ,-), VIeg. 

The symplectic 2-form a; insures the existence of a G-invariant almost complex 
structure J compatible with w, i.e, such that : 

(v, w) — > lu x (v, J x w), v,w€T x M 

is symmetric and positive definite for all x £ M. We fix once and for all a G- 
invariant compatible almost complex structure J, and we denote by (— ,— ) M :— 
u(— , J— ) the corresponding Riemannian metric. Let RR (M, — ) be the quan- 
tization map defined with the compatible almost complex structures J. Since two 
compatible almost complex structure a re h omotopic [g7| , the map RR (M, — ) does 



not depend of this choice (see Lemma 2.2 ) 



Here the vector field 1~C is the Hamiltonian vector field of the function^ \ \fi G | 12 



M — > K, and {7i = 0} is the set of critical points of | \fj, G | | 2 . We know from the be- 
ginning of section ^| that we have the decomposition RR (M, — ) = 
E/3sb g RR l ( M ' -)' where RR l ( M > -) : k g{M) -> R-°°{G) is the Riemann-Roch 
character localized near the critical set Cp = G(M@ n /i~ 1 (/3)). In this section we 



prove the following Theorem for the fi G -positive vector bundles (see Dcf. |L2|) 



Theorem 7.1. Let E —> M be a G-equivariant vector bundle over M . For all 
f3 G B G — {0}, the G-invariant part of RR^ [M, E) is equal to if E is /x G -positive 
and ^ 0, or if E is [i G -strictly positive. If is a regular value of \x G , the 

G-invariant part of RR (M,E) is equal to RR(M. re d, E re d). 



In subsection 7.4, we consider the general case where is not necessarily a 



regular value of /x G , and E = L a moment bundle for /x G (see Dcf. LI ) . With our 
if-theoritic approach we recover the following 



22 Equality F66| gives ^id||^ G || 2 = ui{H G ,-) 
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Theorem 7.2 (Meinrenken-Sjamaar). Let L — > M he a (i G -moment bundle, and 
let t be the principal face of M. The G '-invariant part of RR (M,L) is equal 
to RR(A4 a , L a ) for every generic value of r n fi G (M) sufficiently close to (see 
subsection 7. J, for the notations) . 



7.1. The map RR . We assume that is a regular value of /i c 



space M. 



red. 



\x (0)/G inherits a symplectic structure uj. 



red • 



The orbifold 
Let V{X) = 

—d h g (J(Xm)) be the endomorphism of the trivial bundle ^~ 1 (0) x g defined in 
( |6.4S| ). The compatibility of J with u> gives 

[V{X),X)=u{X M ,J{X M )) M =|| X M || 2 , 

thus decomposition ( 6.48j ) holds. A small check shows that the induced almost 
complex structure J re d on M re d is compatible with u) re d- Moreover 1 1— > t"D + (1 — 
t)Id is an homotopy of invertible maps between T> and the identity, hence the line 
bundle L-p — * M-red defined in (6.51) is trivial. The map RR is determined by 



the Proposition 3.12 ; in particular 



RRq (M, E) = RR J ^(Mred, E red ) 



for any E e Kq(M). 



7.2. The map RR^ when Gp — G. When j3 S B G — {0} is in the center of g, 
we proved in Corollary 6.15, that the G-invariant part of RR^(M, E) is equal to 



when E is fi G - strictly positive. In the Hamiltonian case we extend this result for 
the /x G -positive bundles. 

Lemma 7.3. Let [X ,ui) be a connected symplectic manifold with a G-action, and 
a proper moment map /i : X — > g. Let J be a G-invariant almost complex structure 
on X compatible with to. Let (3 be a G-invariant element in a Weyl chamber t) + 
of the Lie group G, such that X 13 n /i _1 (/3) ^ 0. Let Af + '@ be the polarized normal 
bundle of X 13 in X (see Def. 5.1 and Theorem 5.8). 
If N + - J3 = 0, we have 

MA-)nf)+c{Xeh + , (X,p)>\\p\\ 2 } , 

implying in particular that || (3 || 2 is the minimal value of || /i || 2 on X . 

Proof of the Lemma : Let Z be a connected component of X" which intersects 
and consider the set of weights {a,, i G 1} for the action of on the 
fibers of the vector bundle Af — > Z. We have then the following description of the 
function (//,/?) in the neighbourhood of Z. For v S Af x , with the decomposition 
v = ®iVi, we have for \v\ small enough ([1,(3)^ = \(3\ 2 - \ J2ieA a i> @) \ v i \ 2 ■ If 
(a,, 0) < for every i E I, we have 



(7.67) 



(j*,0)>\\0 



in a neighbourhood V of Z. 



As /i _1 (/3) is connected and intersect Z, the last inequality imposes /i -1 (/3) C Z. 
Take X G fJ,(X) D f)+, and consider K, :— [J,~ 1 ({X, /?]). From the convexity Theorem 
|2[ |l^, S |2^], the set K is connected. Then V n /C contains, but is not equal to 
/x _1 (/3) : there exists m G Vn/C with /x(m) G [X,/3). So /x(m) = /3 + t(X-ff) with 
f > 0, and (jjt(m),/3) >\\ (3 || 2 . This two conditions imply that (X,f3) >\\ (3 || 2 . □ 
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Lemma 7.4. Let (3 G B G — {0} be a G-invariant element such that || || 2 is not 
the minimal value of \\ \i G || 2 on M. Then for every fi G -positive vector bundle E 
over M we have the decomposition RR /3 (M, E) = ^2\iTif3,\{E) X^ ^ n irreducible 
characters with 

m w (B)?tO=> (\,0) >0 . 

In particular, if /i^ 1 (0) is no£ empty, the G-invariant part of RRp(M, E) is equal to 
/or every G-invariant *E B G — {0}. TTie result remains when M is non-compact, 
and the moment map [i G is proper. 



Proof : Recall the localization formula on M° obtained in Proposition 6.14 . For 
every complex G-vector bundle E over M, we have the following equality in R(G) 

(7.68) 

RRp (M, E) = {-1Y^J2 RR p( M ^ E \mp ® detN+^ ® S k {{JV ® C)+>P) . 

keN 

Suppose that M is non-compact and that the moment map fi G is proper as a 
map from a G-invariant open neighborhood of ^~ 1 {0) in M to a G-invariant open 



neighborhood of j3 in g. Each terms of ( 7.68 ) are well defined and the equality 



remains valid in this case (It is not difficult to extend the proof given in subsection 



5.3 to this situation). 

If || f3 || 2 is not the minimal value of || ji G || 2 , we know from Lemma 7.3, that 



the vector bundle J\f + '^ is not trivial over each connected component Z of M@ 
that intersects /i _1 (/3). Then every T^-weight a on the fibers of the complex vector 
bundle E\ z <S> detjV+'0 ® S k ((Af C)+'' 9 satisfies (a, (3) > 0. Lemma |J and 
Corollary |9.5|, applied to this situation, show that RRp(M,E) = J2\ m p,\(E) xf 
with m p . x {E) ^ only if (A, 0) > 0. □ 

7.3. The map RR^ when Gp ^ G. Let a be the unique open face of t)+ which 
contains 0. The stabilizer subgroup G^ does not depend on the choice of £ S a, 
and is denoted by G a . Let g CT be the Lie algebra of G a , and let U a the G CT -invariant 
open subset of jj ct defined by U a = G ■ {y e f)+|G y C G a }. 

The symplectic cross-section Theorem [jl8], asserts that the pre-image y a = 
/x" 1 ([/„•) is a symplectic submanifold of M provided with a Hamiltonian action 
of G a . We denote by uj a the symplectic 2-form on y a , and \i a : y a — ► g CT the 
moment map. Let be a G^-invariant almost complex structure on y a , which 
is compatible with u ff . The vector field TC 7 on y a generated by /x CT vanishes on 
G| := A^H/ 3 ) n (ya)* 3 = MgH/3) n (see Definition^). We denote byg 



RR " (y*,-) : K G M ^ R~°°(G a ) 

the Riemann-Roch character on y a localized near the compact subset Cp by the 
vector filed 7i a . It is well defined even since ji a is a proper map (see Definition 



3.5) 



Theorem 7.5. For every E £ Kg{M), we have 



i?i? /3 (M, J B) = Hol G (i?^ {y<T,E\ yir )\ in iT°°(G) 



23 For a non-compact G-manifold A", we denote by Kq(X) the equivariant i-sT-theory of A 1 with 
non-compact support. 
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Corollary 7.6. Let [3 £ B G with G a ^ G. Ifn~ x {G) ^ 0, we have [RR B [M, E)] G = 
0, for every \i G -positive vector bundle E — > M. In general, [RR,Z(M, E)] g = 0, for 
every \i G -strictly positive vector bundle E. 

Proof of the Corollary : The moment map \x a is proper as a map from a G„- 
invariant open neighborhood of in y a to a Go-invariant open neighborhood 

of (3 in g CT . If G fi a (M) we see that t(i € ^ a {y a ) for any < t < 1, hence || (3 || 2 
is not the minimal value of || \x„ || 2 . 



Proposition 7.4 can be used for the map RR^" (y a , —) . For any /x G -positive 



L /3 



vector bundle E, we have RRp {y a ,E\y a ) = J^x m /3,\(E) Xf" with mp t \(E) ^ 
only if (A, 0) > (the same holds when ^ fi a (M) and is n G -strictly 
positive) . With the induction formula of Theorem [7^5] we get^| RR g (M, E) = 

EA m /3,A(£0Hol^(/i A ). But Hol^(/i A ) = ±1 only if (X,X) < for every X in the 
Weyl chamber (see Remark |9.3| ). This shows 

Rof H (h x ) = ±1 => (A,/3) < =► m^CE) = . 

We have then proved that [i?i?^(M, E)] G = 0. □ 

Proofs of Theorem 



We propose here two different proofs for this induction formula. Both of them 
use the same technical remark. 

The set G ■ y a = G x Q a y a is a G-invariant open neighborhood of the critical 
set Cg in M. The symplectic form to, when restricted to G x Q a y a 3 can be written 
in terms of the moment map fi a and the symplectic form uj a : 

(7.69) u M {X + v,Y + w) = -(p <r (y),[X,Y])+u <r \ y (v,w) , 

where I,y £ fl/fl/3, and v,w £ T y y a ^. With the complex structure Jq/g„ on 
G/G CT determined by /3, we form the almost complex structure J := Jg/g„ x ^ct on 
G xg o Equation ( 7.69] ) shows that J is compatible with w in a neighborhood 



of Cp , hence J is homotopic to J in a neighborhood of C°g in G xq^ y a . 
Remark 7.7. TTie almost complex structures J and J are homotopic in a neigh- 



borhood of C ' g , so as in Lemma 2.i we see that the computation of the localized 
Riemann-Roch character RR g (M,E) can be done with J instead of J. 



First proof of Theorem 7.5 : We will show here that Theorem 7.5 is a 



consequence of the induction formula proved in Theorem 3.16 and of the localization 
formula obtained in Proposition 6.14 . The induction of Corollary |6. 17 shows that 



RRg (M, E) = Ho1 Gct (RR/ (M, E) A* q/q*). So we have to prove the following 
equality 



(7.70) RR g {y <7 ,E\y tr )=RR 3 (M,E)A'g/ 2o 



24 Hol^ {xt° ) = Hol « ( ftA ) since Xt" = Hol «" ( hX )- 

25 We use here the identification T(G x Ga y a ) = G x GcJ (s/s<r © T^ CT ) (see (0)). 
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G^xTy, 



E\ 



M0 



First we use the localization formula on both sides of the equality. For the map 
RR G " [M, -) this gives 

(7.71) RRp" (M, E) = RR} 
and for RRZ" {y ai — ) we have 

(7.72) RR G ;{y^E\y„)=RR G ;^ (p a f , E\ { y a y ® [X&F]' 1 ] 

Here Af and Af' are respectively the normal bundle of Af 3 in M, and the normal 
bundle of (3-ct)^ in The complex structures on the fibers of TV and Af' are 
induced respectively by the almost complex structure J, and by the almost complex 
structure J a (see Remark fT7\). 

Now we remark that (yTr * s an open neighborhood of M^fl/x~ 1 (/3) in M@ , thus 
we have RR^" (M 13 , F) = RR°° ((y a )^, F\(y a )f>) for any equivariant vector bundle 
F. So Q7.71| ) and ( |7.72j ) shows us that J7.70|) is equivalent to the following 



(7.73) 



where 



RRr- 



RRr, 



(y*r,E\ {y ^®[A* c w 



A'g/S^J is the trivial bundle A'g/g a x {y a f -> (y a f. 
To finish the proof, we notice that the normal bundle Af — > M@ , when restricted 
to (y a y can be decomposed as N](y a )P = TV'© [fl/fi^]- Here [g/Qa] — > (J^)' 3 is the 
trivial complex vector bundle defined by [fl/g^m = {Xfy^plmi -X" G fl/flo-} for any 
Tn G (iVcr)' 3 . This decomposition gives first the equality AJA/" = A* A/ 7 ® [Aj.fi/flo-] 
and after^ [a'A/"]" 1 = [a'A/ 7 ]" 1 ® A'g/g^ , which implies [a'AT]" 1 ® 



[aJ.^7 7 



(7.73) is then proved. □ 



Second proof of Theorem 7.5 : A G-invariant neighborhood U 



critical set G a in M can be taken of the form U 



of the 



G X G _U ' where U 



j a in n± boil uc uaivcii ui luim vi - u Ag o 

a relatively compact Gtj-invariant neighborhood of A t ~ 1 (/3) n M@ in J^r such that 
ir^n {H a = 0} = At" 1 ^) n Mf> - 

The maps (M, — ) and RR^" (y a ,~) are respectively defined by the localized 
Thorn symbols Thom£ [/3] (M) G Ag(T g ^ G ") and Thorn^ m (y a ) G K Ga {T Ga U"^) 



(see Definition 6.4). The inclusion i : G a <—* G induces an isomorphism : 
K Ga (T G X'") -» ^g(T g (G x Gct W^ 3 )) (see subsection 

Lemma 7.8. JFe /icwe the following equality 



i* (Thom G 



Ok) Ajfl/fl. = Thom£ (M) 



26 The product of [aJAT'J and |a*0/ 0ct J is well defined in K Gt7 (CV ( t) /3 )§> Rijp) since 
these elements are polarized by f3: each of them is a sum over the set of weights of of the form 
JZa E a h a such that E a ^ only if {a, (3) > 0, and for any 8' > 6 > the sum X],5<(a /3)<<S' E a h a 
is finite (see definition 5.5). 
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This Lemma, combined with Theorem |3.4| , shows that RR°p [M, E) = 
Ind^ (RRp'iy^ElyJ A'cQ/Ba) = Hol^ (RR G p{y<r,E\y^ for any G-complex 
vector bundle E — > M. The proof of Theorem u^B is then completed. □ 



Proof of Lemma 7. t 



Through the identification T(Gx G „W < " 3 ) = Gx Go (q/q^QTU"' ), the vector fiels 
H a and TL° satisfy the relation H^ g , = Hy, [g,y] € U°' fi . The symbol G[ g , y; x+v] 
of Thom G[/3] (M) at [g,y;X + v] e G x Ga (g/g a © TW"'") acts on AyT^jZ/'' 3 S 
A'fl/fltr ® A'TyU"' as the product 

ffcviX-M =Ci(A-)0CZ w («-7^) . 

Now we see that [g, y; X+v] — > Cl(X)QCl y (v—Ti.y) is homotopic, as G-transversally 
elliptic symbol, to a : [p, y; X + u] — > Cl(0)QCl y (v — Hy), and 5 is, by definition, the 



image of Thom G (3^ ) A* g/ flo- by z * . The proof of Lemma 7^ is then completed. 
□ 

7.4. The singular case. In this section, we do not assume that is a regular value 
of fi a , and we use the 'shifting trick' to compute [RR (M, L)] G in term of reduced 
manifolds of the type /x~ 1 (o)/G a , for every /i G -moment bundle L. We know from 
Theorem 7.1 that [RR (M, L)] G = if ^ ji G (M) since every moment bundle is 



strictly positive (see Lemma 7.9). So, we assume for the rest of this section that 
0GM G (M). 

Let O a be the coadjoint orbit through a S g* . It has a canonical symplectic 
2-form and the moment map O a — > g* for the G-action is the inclusion. We denote 
by O a the coadjoint orbit O a with the opposite symplectic form. The product 
M x O a is a symplectic manifold with a Hamiltonian moment map 

fla-.MxO; — » 0* 

(m,£) i — ► ju G (m)-£. 

On the symplectic manifold M x O a we have a quantization map (MxO a , — ) 
with the following property: for any G-vector bundles E and f 1 over M and O a 
respectively, we have RR° (M x 0~ a , < {E)® (n' a )*{F)) = RR° (M, E) ■ RR° (U~ a \ F) 
in R(G). Here we denote by 7r a : M x O a — > M the projection to the first factor 
and TT a the projection to the second factor. Since RR (O a ,C) — 1 we have 

(7.74) RR G (M x 0~ ai TT*a{L)) = RR° (M, L) . 

We can now compute [RR G (M, L)] G by localizing the character RR° (M x 
O a ,TTa(L)) with the moment map /i a - We need the following Lemma which was 
proved by Tian-Zhang |36| for the prequantum line bundles. 

Lemma 7.9. Let L be a [i G -moment bundle over M . There exists e > such that 
for any \a\ < e, the vector bundle 7r*(L) is fi a -positive. For a — 0, the bundle 
L = itq(L) is /i G -strictly positive. 

Let RRq(M x O ai — ) be the Riemann-Roch ch arac ter localized near ^~ 1 (0) ~ 



H J-(O a ). Theorem |7.l| , Equality 7.74 , and Lemma 7J) show that 



(7.75) [RR (M,L)] G = [RR (M xO a ,K(L))] C 
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for any moment bundle L if a € /i G (M) is close enough to 0. 

There exists a unique open face r of the Weyl chamber f) + such that \x G (M) n r 
is dense in /z G (M) fl f)+. The face r is called the principal face of (M, /i G ) p3]. All 
points in the open face r have the same connected centralizer G T . Let A T be the 
identity component of the center of G T and [G T , G T ] its semisimple part. Note that 
we have an identification between the Lie algebra a T of A T and the linear span of 
the face r. The Principal-cross-section Theorem [^6| tells us that Y T := is a 

symplectic G T -manifold, with a trivial action of [G T , G T ]. So, the restriction of fj, G 
on y T is a moment map fi r : y r — > a T for the Hamiltonian action of the torus A T . 
We decompose the torus A T in a product of two subtorus A T — A\ x A£ where A* 
is the identity component of the principal stabilizer for the action of A T on y r . 

We take now a with value in r n fj, G (M). For generic values a G r n (j. a (M), 
li~ 1 {a) — fi~ 1 (a) is a smooth manifold of M with a locally free action of A\ y hence 
the quotient M. a := fi~ 1 (a)/G a = ^^ 1 (a)/(A^) is a symplectic orbifold. We denote 
by RR(A4 a , — ) the quantization map defined by the choice of a compatible almost 
complex structure. If L is a /i G -moment bundle on M, L\y T is a /i r -moment bundle: 
the action of A\\G T: G T ] on L\y r is trivial. Then the quotient L\ -i, a ->/G a = 
L\ -i, a \/(At) is an orbifold line bundle over M a for generic a. 

We compare now the Riemann-Roch character RRq T (y T , — ) localized near ^ 7 T 1 (a) 
by the moment map \i r — a and the Riemann-Roch character RR (M x O a , — ) lo- 
calized near /x~ 1 (0) = G ■ (/i 1 T 1 (a) x {a}). All we need is contained in the following 

Proposition 7.10. Let E be a G-vector bundle over M, and take a £ t. We 
have RRq(M x 0^,tt*S) = Ind^ (RR% T (y r ,E\y T f), m particular [RR° (M x 

o;,KE)] G = [RR°^y T ,E\y T )fT. 

If L is a /i G -moment bundle, the action of A\[G T ,G T ] on L\y T is trivial, then 

[RRq T (y T , L\y T )] GT = [RRq" (y T , L\y^)] A ^ . Finally, for every generic value a € 
rfl fx G (M), the quotient L a :— L\ -i^/A^. is an orbifold line bundle over M a , so 



from subsection |7.l| we get \RR n T (y r , £|.y T )1 T = RR(M a , L a ). 



With this last equality, Proposition |7.9| , and equality ( 7.75 ) we have proved the 
central result of this section 

Proposition 7.11. Suppose that € fj, a (M). If L is a fi G -moment bundle, there 
exist e > 0, such that 

[RR G (M,L)f = RR(M a ,L a ) , 
for every generic value a G r fl fi G (M) with \a\ < e. 



7.4.1. Proof of Lemma 7.9. Let L be a /J G -moment bundle over M, where /i G : 
M — > g* is a Hamiltonian moment map. Recall that the Lie algebra g is identified 
to g* trough an invariant scalar product (—,—). Let H be a maximal torus of G 
with Lie algebra f). 

Lemma 7.12. For (3 € [j and m 6 M " n /i G 1 (7), the weight a for the action of Y p 
on L m satifies (a,f3) = (7,/?). 

Proof : Let TV be the connected component of M@ containing m, and let m' be a 
point of N H . Since TV is connected, a is also the weight for the action of on L m > , 
and fi G {m') is the weight for the action of H on L m r, then (a,X) — {pL G {m'),X) 
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for every X G Lie(Tp). But the map x — > (fi G (x),P) is constant on ./V, then 
(7,j9) = (/x G (m),/3) = 0* o (m'),/3) = (a,j8). □ 

The element a is taken in h. The critical set of the function | \fi a \ | 2 : M x O a — > K 
admits the following decomposition Cr(||^J| 2 ) = G • (Cr(||/iJ| 2 ) n (M x {a})) = 

G- ^(Cr(||^ Ga — a\\ 2 ) n M G 1 (g a )) x , where /x Ga : M — > Q a is the moment 
map for the action of G a - Let B a the finite subset of f) defined by £> a = {f3 S 
f), ikf 3 n A i G 1 (/3 + a) 7^ 0}- Finally we have the decomposition 

Cr(|KH 2 )- |J G.(M"n A i- 1 C9 + a)x{a}) . 

Using Lemma 7.12, we see that 7r*L is /Lt a -positive if and only if 
(7.76) (0 + a, /?) > for every (3 E B a . 

We first see that it is trivially true if a = 0: in this case L is strictly positive. 

Let fi H : M — > f) be the moment map for the maximal torus H. Consider the 
finite set Bu, a which parametrizes the critical set of ||jU H — a|| 2 : Bn, a — {(3 & 
h, M^n / u~ 1 ( /3 + a) ^ 0}. We have obviously the inclusion 2? C /?_f/, a , so it suffices 
to show ( 7.76| ) for Bn, a - 

To finish our proof we use now a characterisation of the set Bh , a we gave in |HJ . 
There exists a finite collection B of affine subspaces of f) such that 

B H ,aC{P A {a)-a,AeB} 

for every a E f). Here Pa : f) — > f) is the orthogonal projection on A. It is 
now easy to compute the sign of (Pa (a), Pa (a) — a) for all A E B. A simple 
computation gives (Pa (a), Pa (a) — a) = |Pa(0)| 2 — (a, Pa(0)). Hence, either E A 
and then (Pa (a) , Pa (a) — a) is equal to for all a E f) , or ^ A and then 
(Pa (a), Pa (a) - a) > if |a| < |Pa(0)|. We can take e = inf ^ A |-Pa(0)| in Lemma 



7.9 



□ 



7.4.2. Proof of Proposition 7.1(\ . Since the point a takes value in r we identify 
the coadjoint orbit O a with G/G T . Let H a be the Hamiltonian vector field of 
the function | || [i a || 2 : M x G/G T — ► M. To simplify the notations, will 
denote a small neighborhood of /i~ 1 (a) in the symplectic slice ^ 1 {t) such that 
the open subset U := (G x Gt y T ) x G/G T is then a neighborhood of /^(O) = 
G ■ (/i^ x (a) x {e}) which satisfies U n {W° = 0} = /U" 1 ^). Following Definition 
3.4 , the localized Riemann-Roch character RR (M x G/G T ,—) is computed by 
means of the Thorn class Thom£ a [0] (M x G/G T ) E K G (T G U). On the other hand, 

the localized Riemann-Roch character RR T (y r , — ) is computed by means of the 
Thorn class Thom^ (y r ) E K Gt (T Gt ^ t ). 

Proposition 7.1d| will follow from a simple relation between Thom G a ^(MxG/ G T ) 

and Thom^^^r). 

First, one considers the isomorphism 

(7.77) 4>:U -► W 

with W := G x Gt (G/G t x y T ), and let </>* : K G (T G W) -> K G (T G U) be the 
induced isomorphism. After one consider the inclusion i : G T <^-> G which induces 
an isomorphism u : K GT (T GT (G/G T xy T )) — > K G (T G W) (see subsection |3T^). Let 
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j : y r <—* G/G T x y T be the G T -invariant inclusion map defined by j(y) := (e, y). 
We have then a pushforward map j\ : K GT (T GT y r ) — > K Gt (Tg t (G/G t x 3V))- 
Finally we have produced a map 6 :— (f>* o o ji from -ftTcv (Tg^t) to K G (T G U), 
such that Indexg(9(cr)) = Ind^ (Index^; (a)) for every a G K Gt (Tq t 3^ t ]. 



Proposition 7.10 is an immediate consequence of the following 
Lemma 7.13. We have the equality 

8 (Thomg^ (3> T )) = Thom£ [0] (M x G/G T ) . 

Proof : Let fi' a := \i a o (/j^ 1 be the moment map on W , and let Ti '° be the 
Hamiltonian vector field of | [il a ||. For the tangent manifold TLA 1 we have the 
decomposition 



TU' ~ G x Gt (y 0T © G x Gt (g/ 0T ) 

A small computation gives H ■ a (m) — pr g / g ^(ha) + R(m) + HKy) + S(m) for 
m = [g;y,[h]} G U' , where R(m) G q/q t and S(m) G Tj,3t vanishes when m € 
G Xq t ({e} x 3r), i-e. [/i] = e. Here is the Hamiltonian vector field of the 
function | || — a || 2 : X- — > 

The transversally elliptic symbol <j\ := (0 _1 )*(Thom G a j O j(M x G/G T )) is equal 
to the exterior product 



<ri(m, 6 + 6 + «) = C/(6 - pr B/sT (ha)) GZ(& - iZ(m)) Cl(v -H T a - S(m)) 



with fi e q/q t , 6 G fl/Sr, « G T^ r . 

Now we simplify the symbol o~\ whithout changing its if-theoretic class. Since 
Char(<7i)nTG'W = Gx Gt ({e} x y r ), we can transform <j\ through the G T -invariant 
diffeomorphism h = e x from a neighborhood of in q/q t to a neighborhood of e 
in G/G T . This gives a 2 € K G (T G (G x Gt (q/q t x y T ))) defined by 

CI fa - pr B/BT (e x a)) CI fa - R(m)) &Cl(v-H T a - S(m)) . 

Now trivial homotopies link a% with the symbol 0-3, where we have removed the 
terms R{m) and S(m), and where we have replaced pr B / s ^ (e x a) — [X, a] +o([X, a]) 
by the term [X, a] : 

a 3 ([g, X, y],fc + & + v) = CI fa - [X, a}) CI fa) Cl(v - H T a ) . 

Now, we get 03 = i*(<74) where the symbol ga G i^G T (Tg t (fl/flr x 3V)) is defined 

by 

a i {X,y;& + v)=Cl(-[X,a])@Clfa)QCl(v-HZ) . 

So (j 4 is equal to the exterior product of (y, v) — > Cl{v—TL T a ), which is Thomg ^ (JV), 
with the transversally elliptic symbol on g/g T : (X, £ 2 ) — > GZ(— [X, a]) G/(^)- As 
in Lemma |5.2| , we see that the if-theoretic class of this former symbol is equal to 
fci(C) where k : {0} <-^> q/q t - This shows that 

<7 4 = fc.(C) Thom£;;«(}V) = MTbomg-^yr)) ■ 

□ 
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8. Appendix A: G=SU(2) 

We restrict our attention to an action of G — SU(2) on a compact manifold 
M. We suppose that M is endowed with a G-invariant almost complex structure 
J and an abstract moment map / : M — > g. In this situation, the decomposition 
RR (M, — ) = X/3eK RRp (M, — ) becomes simple. 

Let S 1 be the maximal torus of SU(2), and / - : M — > H the induced moment 
map for the S^-action. The critical set {H. = 0} has a particularly simple ex- 
pression: {H = 0} = / _1 (0) U G.Mf , where Mf is the union of the connected 

i s 1 
components F C M s with /gi (F) > 0. Note that the critical set {H = 0} is 

equal to f' 1 (0) U M sl , 
The non-symplectic case 

Here the induction formula of Theorem |6. 1 C , and Proposition 6.14 gives 

(8.78) RR° (M, E) = RRq (M, E) + Hol^ (<d(E)(t).(l - 1~ 2 )) 
where 9(E) e R^°°(S 1 ) is determined by 

(8.79) 0(E) = (-l) rj ^J2 RRSl ( M +^ E \M^ ®detAT+ ®S k {{Af®C)+)) . 

ken + 

Here Af — ► M^ 1 is the normal bundle of M^ 1 in M. 
The Hamiltonian case 

Here we suppose that (M, ui) is a symplectic manifold, with moment map fi and 
a cj-compatible almost complex structure J. Let y = /i _1 (R>o) be the symplectic 
slice associated to the interior of the Weyl chamber R>o C Lie(S 1 ). 

The induction formula of Theorem |7.5| gives 

(8.80) RR° (M, E) = RRq (M, E) + Hof x (®{E)\ 
where 9(E) E R^°°(S 1 ) is determined by 

(8.81) 9(E) = (-l) r ^J2RR Sl (Mf\E\ MS i ® detti+ ® S k ((Af ® C) + )) . 

feew + 

Here Af — > M? 1 is the normal bundle of Mf 1 in y. 

Recall that the irreducible characters cf> n of G = SU(2) are labelled by Z>o, and 
are completely determined by the relation <f> n = Hoi (i™) in i?(G) (See Lemma 
Hence the component Hol^ (^9(E)(t).(l - t~ 2 )j of fl8.78| ) docs not contain 
the trivial character 4>q if 9(E) = J^nei, a «^™ with 

(8.82) a n ^ =^> ?i > 3 . 

( |3.79] ) tells us that ( g.82] ) is satisfied if the weights for the action of S 1 in the fibers 
of the complex vector bundle E\ AjS i ® det M + are all bigger than 3. 

The^ conditions are weaker in the 'Hamiltonian' situation. The term 
Hoi 1 (9(E)) of ( $.80 ) does not contain the trivial character (j> Q if 9(E) — J2nez a ^ n 
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with 
(8.83) 



a n ^ 



n > 1 



and this condition is fulfilled if the weights for the action of S 1 in the fibers of the 



complex vector bundle E\ 



A/; 



)dct Af + are all bigger than 1. Here we have another 
M? is not equal to the zero bundle 



important difference: the vector bundle Af~* 
if G n(M) (see Lemma ffl§. 

We see finally that, in the Hamiltonian case, the condition l E is fx-positive' 
implies 



S n(M) 



RR (M, E) 



RR (M, E) 



9. Appendix B: Induction map and multiplicities 

Let G be a compact connected Lie group, with maximal torus H, and f)^ C 
fj* = (d*) H some choice of positive Weyl chamber. We denote by 91+ the associated 
system of positive roots, and we label the irreducible representations of G by the 
set A*j_ — A* n f)!J_ of dominant weights. For any weights a £ A* we denote by 
H — > C*, h a the corresponding character : (exp(X)) a = e ll ~ a ' X ' ) for Icl). 

Let W be the Weyl group of (G, H), and L 2 (i/) be the vector space of square inte- 
grable complex functions on H. For / £ L 2 (iJ), we consider J(f) 
= ^2 weW (— 1)™ w.f, where W — > {1,-1}, w — » (—1)™", is the signature opera- 
tor and w./ € L 2 (^) is defined by w.f(h) — f(w^ 1 .h), h £ H (see Section 7.4 
of Q). The map YW]^ ^ s * ne orthogonal projection from L 2 (_ff) to the space of 
VF-anti- invariant elements of L 2 (H). 

Let p £ h* be the half sum of the positive roots. The function H — > C*, h^> h p 
is well defined as an element of L 2 (ff) (even if p is not a weight). The Weyl's 
character formula can be written in the following way. For any dominant weight 
A £ A+, the restriction X^l-ff 01 the irreducible G-character satisfies 

(9.84) J(^).x^| ff = J(/i A+p ) in L 2 (iJ) . 

For our purpose we give an expression of the character x^ through the induction 

G 



map Ind H : C-°°{H) -> C-°°(G) G (see (|3.20D ). Consider the affine action of the 



Weyl group on the set of weights : w o A = w.(X + p) — p for w £ W and A £ A*. 
Lemma 9.1. 1) For any dominant weight A £ A*^_, the character x^ is determined 
by the relation X ° = Ind° rLe<n + i 1 ~ inC-°°(G) G . 

2) For A £ A* and w £ W, we have Iruf (h woX U aem+ (1 - h a )) = 
(-l) w Ind H (h x Tl ae x + (l - h a )). 

3) For any weight A, the following statements are equivalent : 

a) Ind H {h x n aem+ {l - h a j) = 0, 

b) Wo\nA* + =V), 

c) The element \ + p is not a regular element of t)* . 

Proof of 1) .To prove it, we need the following relations proved in |8| [section 7.4] 



i) J(hP) = h-"Ua&^0--f*% J(h p )-J(h")=U a ^-h a ). 
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Let dg and dt be respectively the normalized Haar measures on G and H. For 
any / G C°°(G) G we have 

J G X G Jg)f(g)dg = ±Jtf\ H (h)II afm O.-h a )f\ H (h)dh [1] 
= -^J H J{h x+ nlW)f\ H (h)dh [2] 



h x+p J{hP)f\ H (h)dh [3] 
/ h x U aem+ (l-h a )f\ H (h)dh . [4] 

JH 



The first equality is the Weyl integration formula. The equality [2] comes from ii) 
and ( pi) ). Since 4^ J is the orthogonal projection on i^[H) w ~ antl - invariant and 



/i i > J{h p ) is M^-anti-invariant we obtain the third equality. The equality 

[4] comes from i). 

Proof of 2) : From i), wee see that h woX U aem+ (1 - /i a ) = h w( ~ x+p U{hP) = 
(-l) w w- 1 .(h x+p J{hP)) = {-l) w w- 1 .(h x U aem+ {l - h a )), hence the relation 2) is 

G 

proved since Ind^ is Vy-invariant. 

Proof of 3) : The implication a) b) is an immediate consequence of 1) 
and 2). Proposition 3 in section 7.4 of §j] tells us that {J{h x ' +P ), A' G A^} 
is an orthogonal basis of the Hilbert space i?( y H) w - anti - mvanant . For A G A* 
and A' G A; we have < J(h x+P ), J(h x ' +P ) > L 2= \W\ < J{h x+P ),h x ' +P > L 2 = 
\ w \Hw&w{- l ) W f T t w ° X ~ X 'dt. Thus, the condition W o X n A* + = is equiv- 
alent to J{h x+P ) = 0. But the equality [2] gives Ind^ (/i A n QeK+ (1 - h a )) = 
T^\nd G H {J{h x+p )h- p Il ae ^ + {l - h a )), hence J(h x+P ) = implies the point a). 

We have proved that b) a). Finally we see that J(h x+P ) = <^=> 3w G 
W, w.(X + p) = A + p ^==> A + /? is not a regular value of ty*. We have proved that 
b) <=>c). □ 

G 

From the previous Lemma, we see that v i— ► Ind H (w(/i)n Qg sH + (1 — /i Q )) is the 
holomorphic induction map 

(9.85) Hol^ : JJ(JT) -> R{G) . 

We keep the same notation for the extended map Hol H : R~°°{H) — ► R~°°(G). 
Note that the choice of a positive Weyl chamber determines a complex structure 
on g/f), and II ae fK + (l — h a ) is the trace of the virtual ^-representation A"g/f) G 

G G 

R(H). Then the map Hol H will be defined simply by the relation Hol JJ (u) = 
lnd H (v A£fl/f>). 

Remark 9.2. XTie relations i) and ii) used in the proof of the past lemma show 
that £ weW «>• n Q >o(l " ^) = E» e w - J(^).J(^) = - 

In o£/ier words X)«,£vy w - fl/d = (A'fl/f)) ® C = A'g/f) A* g/t) in R(H). These 
equalities give 

(9.86) Ind° w4) Aj fl/rj) = Ind° (0 Ag g/f,) 
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since lnd H is W -invariant. The Weyl integration formula is usually state as the 
relation f — T^L-Ind^ {f\n A*£)/f)) for any f E C°°(G) G . But f\jj is W -invariant, so 



¥M ) gives |^Ind H (/| H Ajfl/f)) = Ind H (/| H Ajg/f)). Finally, for any E R(G), 



the Weyl integration formula is equivalent to the following equality in R(G): 



G 



= Hol ff (0| ff ). 

Remark 9.3. A weight A satisfies Hol^ (h x ) — ±1 if and only if E W o A fl A* , 
that is A = —(p — w.p) for some w E W. But a small computation shows that 
p - w.p = J2a>o.w- 1 .a<o a ' hence (p " w.p,X) > for any X E t)+. Finally the 
equality Hoi (h ) = ±1 implies that (A, X) < for any Xe t) + . 

Consider now the stabiliser Gp of the non-zero element (3 E f)+. The subgroup 
H is also a maximal torus of Gp. The Weyl group Wp of (Gp, H) is identified with 
{w E W, w.f3 — (3}. We consider a Weyl chamber \)* + p E\§* for Gp that contains 

the Weyl chamber f)* of G. The irreducible representations xt 13 , A E A*j_ p of Gp 
are labelled by the set „ — A* n f)* o of dominant weights. 

G 

We have a unique 'holomorphic' induction map Hol G : R(Gp) — > P(G) such 

G G G^ p= 

that Hol H = Hol G o Hol^ . This map is defined precisely by the equation^ 



G , . G 



(9.87) Hol G ^)=Ind G ^ / 0/3 ) , 
for every v E R(Gp). 

We finish this appendix with some general remarks about P-transversally elliptic 
symbols on a compact manifold M, when a subgroup T in the center of P acts 
trivially on M. 

More precisely, let H be a compact maximal torus in P, f) + be a choice of a 
positive Weyl chamber in the Lie algebra f) of H , and let (3 E f)+ be a non-zero 
element in the center of the Lie algebra p of PQ. We suppose here that the subtorus 
T C H, which is equal to the closure of {exp(t./3), t E R} , acts trivially on M. 

Every P-equivariant complex vector bundle E — > M can be decomposed rel- 
atively to the T-action: E = ® a£ fE a <g> C 0) where E a := hom T (£',C*)0 is a 
P-complex vector bundle with a trivial action of T. Then, each P-equivariant 
symbol a : p*(E\) — > p*(P 2 ) where E\,Ei are P-equivariant complex vector bun- 
dles over M, and where p : TM — > M is the canonical projection, admits a finite 
P x T-cquivariant decomposition 

(9.88) <r = ^V®C a . 

Here a a : p*(Ef) — > p*(E$ ) is a P-equivariant symbol, trivial for the T-action. 

Let us consider the inclusion map i : T <^-> P, with the induced maps z : Lie(T) — > 
t) at the level of Lie algebra and i* : t)* — > Lie(T)*. Note that i*(A) is a weight for 
T if A is a weight for H . 



27 We take on g/ the complex structure denned by 0. 

28 The Lie group P is supposed connected then j3 £ (p) P ■ 

29 The torus T acts on the complex line d with the representation t — > t a . 
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Lemma 9.4. Let M be a P -manifold with the same properties as above. Let 
cr : p*(E\) — > p*(2?2) be a P-equivariant transversally elliptic symbol over M 
and denote by m\{a), A G Ap + , the multiplicities of its index : Index p f (cr) = 
Saga* TO A(f)xf ■ Then, if m\{a) ^ 0, the weight a = i*(X) occurs in the decom- 
position ( 9.88\ ). 



Corollary 9.5. Suppose that the weights a G T which occur in the decomposition 



(9.86) satisfy (a, (3) > rj for some fixed n G K. Then, for the multiplicities, we get 

m x (<t) t^O^ (A, [3) >n . 
In particular, Indexj^cr) does not contain the trivial representation when n > 0. 

Remark 9.6. The previous Lemma and Corollary remain true if M is aP -invariant 
open subset of a compact P-manifold. 

For the Corollary, we have just to notice thatp*| (A,/3) = (a, (3) for a = i*(X). 
Then, if we have (a,/3) > n for all T-weights occurring in a, we get (A,/3) > n for 
every A such that m\{a) ^ 0. 



Proof of Lemma 9.4'. Let P' be a Lie subgroup of P such that r : T x P' — > 
P, r(t,g) — t.g, is a finite covering of P. The map r induces r* : Kp(T pM) — > 
#TxP'(Tp'M)0 and an injective map r* : P~°°(P) -> p-°°(T x P'), such that 
Index^ xP '(rV) = r* (Index p (a)). 



The decomposition ( 9.88| ) can be read through the identification Kj x p>(Tp>M) = 
K P ,(Tp,M)<S>R(T): we have r*a = J2 ae f o- a ® C a with cr a G K P ,(T P ,M). Hence 

(9.89) Indcx^ p '(rV)(t, 5 ) = £ Index^ i a , (t,fl) G T x P' . 

aef 

The irreducible characters xf satisfy r*x^(t,g) — x^\p'(g)-t l < - A '. If we start from 
the decomposition Index£f(a) = X^asA* m A(°")x£ relative to the irreducible char- 
acters of P, we get 

(9.90) r*(lndex^ p '(a))(t,g) = Y i ( £ ™aWx£ Ip'G?) J • ^ , 

aef \i*(A)=a / 



for any (t,g) G T x P' . If we compare &8$ ) and ( |9~90| ), we get Indexf^ (a a 



Ei*(A)=a TO A(o-)x^|p'- The map r* : Hr°°(P) -> p-°°(T x P') is injective, so 
Si*(A)=a TO sA(c)xf |p' = if and only if m\(a) = for every A satisfying i*{\) = a. 
Hence if the multiplicity m\(a) is non zero, the element a = i*(X) is a weight for 
the action of T on cr : p*(Ei) -^p*(E 2 ). □ 



30 We use the same notations for £ Lie(T) and i(f3) £ t). 
31 Note that T P ,M = T P M because T acts trivially on M. 
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